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A pseudo-local property of gravity water waves system 

Quang-Huy Nguyen 


Abstract. By proving a weighted contraction estimate in uniformly local Sobolev 
spaces for the flow of gravity water waves, we show that this nonlocal system is 
in fact pseudo-local in the following sense: locally in time, the dynamic far away 
from a given bounded region has a small effect on that region (again, in a sense 
that we will make precise in the article). Our estimate on the flow also implies 
a new spatial decay property of the waves. To prove this result, we establish a 
paradifferential calculus theory in uniformly local Sobolev spaces with weights. 


1. Introduction 


1.1. The problem. We consider an incompressible, irrotational, inviscid fluid 
moving in a domain P underneath a free surface described by r] and above a bottom 
described by a given function r/*, which is assumed to be bounded and continuous. 
Namely, 

(1.1) P = {(f, x, y ) £ [0, T] x R d x R : rj*(x) < y < rj(t, x)}. 

We also denote by £ the free surface and by F the bottom, 

£ = {(*, x, y) £ [0, T] x R cZ x R : y = rj(t, x))}, 

T = {{x,y) £ K d x R : y = r/*(x)}. 

The velocity filed v admits a potential (j) : P —> R such that v = V x ,y<t> and A X:y <f> = 0 
in P. We introduce the trace of the potential on the surface 

ip(t,x) = (f>(t,x,r)(t,x)) 


and the Dirichlet-Neumann operator 
(12) 


= ( dy(j))(t , x, T](t, x)) - X7 x /q(t, x) ■ (V x cj))(t, x, rj(t , x)). 


Then (see [12]) the gravity water waves system in the Zakharov/Craig-Sulem for¬ 
mulation reads as follows 


(1.3) 


dti] = G(r/)^, 




1 |V7 /|2 , 1 (V x 7? • V x il> + G{y)^) 2 
2 1 xm + 2 1 + lV^I 2 


— gy 


where g is the acceleration of gravity. 

Following [1] we shall consider the vertical and horizontal components of the velocity 
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on the free surface as unknowns which can be expressed in terms of r] and fi: 
(1.4) 


o _ ( \ I _ VxV ■ VlV* + G(v)lp T/ _ / \| _ V7 / DV7 

B — (^t/)|s — 1 ! ^|2 5 ^ — (^)|e — BWx^i' 


1 + |V X ?7| 5 


Recall also that the Taylor coefficient a = — ^ | s can be defined in terms of 
rj,il;,B,V only (see §4.2 in [2] and §4.3.1 in [12]). 

The (local) well-posedness theory for gravity water waves (under the formulation 
(1.3) or the others) in Sobolev spaces H s (R d ) has been studied by many authors, 
for example Yosihara [22], Wu [19, 20], Lannes [11]; we refer to the recent book of 
Lannes [12] for a comprehensive survey of the subject. In these works, the waves 
were assumed to be of infinite extend (and vanish at infinity), that is, there is 
no restriction on the horizontal direction. However, in reality water waves always 
propagate in some bounded container (a lake, an ocean, etc) and hence there will 
be contacts at the ’’vertical boundary” of the container. A natural question then 
arises: (Q) can we justify the -approximation? More precisely, if (1.3) is a good 
model then it has to satisfy in certain sense the following property: the dynamic at 
’’infinity” has a small effect on bounded regions. Since (1.3) appears to be nonlocal 
(due to the presence of the Dirichlet-Neumann operator) it is not clear that the 
above replacement at ’’infinity” is harmless. We should mention that in the special 
case of a canal or a rectangle basin where the walls are right vertical, the local the¬ 
ory was considered by Alazard-Burq-Zuily [1], Kinsey-Wu [10], Wu [21]. Our goal 
in the present paper is to give the following answer to question (Q). Considering a 
bounded reference domain, we shall prove that in some sense, far away from this 
reference domain, the dynamic there has a small effect on the reference domain, and 
the farther it is the smaller the effect is. In other words, this proves that the gravity 
water waves system enjoys the ’’pseudo-local property” (the terminology ’’pseudo” 
will be clear in our explanation below). 


1.2. Main results. We recall first the definition of uniformly local Sobolev 
spaces (or Kato’s spaces) introduced by Kato in [9], 

Definition 1.1. Let x £ C' 0O (R ci ) with suppx C [—l,l] d ,y = 1 near [— \,\] d 
such that 

(1.5) 2^X«z(®) = l> Vx<eR d , Xq{x) = x(x - q)- 

qeZ d 

For s E R define R d ) the space of distributions u E Hf oc ( R cZ ) such that 

IMIhmrd := su p llx?“ll.fp(R d ) < +°°- 

q&Z d 

This definition is independent of the choice of % E C'“(R o! ) satisfying (1.5) (see 
Lemma 7.1 in [1]). Let us now define the classes of weights that we will consider. 

Definition 1.2. 1. We define the class W of acceptable weights to be the class 
of all functions w : R ci —> (0, oo) satisfying the following conditions: 

(i) ri := and r[ := belong to C£°( R d ), where w _1 {x) = 1 /w(x), 


(ii) for any C\ > 0, there exists Ci > 0 such that for any xq E R^, there hold 
w(x) < C 2 w(x 0 ) and w(x )~ x < C^u^x’o) -1 Vx E R d , \x — x’o] < C\, 

2. If w E W and there exist g > 0, C > 0 such that for any x, y E R' z we have 
w(x)w~ 1 (y) < C(x — y) e then we say that w E W po (q)- 

3. If w E W and there exist g > 0, C > 0 such that for any x, y E R' z we have 
w(x)w~ 1 (y) < Cexp(p(x — y}) then we say that w E Wex{g)- 
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Example 1.3. For any t,s G R, C > 1, the functions ( x) s , ln(C + |x| 2 ) belong 
to W po , and the functions e t( ' x \ (x) s belong to W ex but not to any class W po if 
t 7 ^ 0. See Remark A.4 for further remarks. 

Notation 1.4. 1. x denotes a function in (^(R^) such that y = 1 on the 
support of x hi definition 1.1. For every k G Z d , we also Define for x G R rf , 

Xk { x ) := x(x ~ k ). 2. We set for all <j G R, 

Ki = <^( Rd ) X </ + "( Rd ) X ^(R d ) X R d ), 

W* = W CT+ i°°(R d ) x W r<T+ 3 , 0 O (R d ) x kF' T,0 ° (R d ) x kF°' , 0 O (R' i ). 

Denote also by U = (rj,if,B,V) the unknown of system (1.3) and by U° = ( 77 °, B°, V°) 

its initial value. 

The Cauchy theory proved in [ 1 ] reads as follows 
Theorem 1.5. Let s > 1 + | and U° G TL s al with 

( 1 . 6 ) inf (rj°(x) — ?y*(x)) > 2 h > 0 , inf a( 0 , x) > 2 c > 0 . 

zeR d ieR d 

Then there exists T > 0 suc/i that the Cauchy problem for (1.3) with datum U° has 
a unique solution 

U G L°°([0,T],K*) n C°([0,T],Kz), Vr < s 

and 

(1.7) inf inf \n(t, x) — r?*(x)l > h, inf inf a(t,x)>c. 

t£{0,T)x€R. d tS[ 0 ,T] ieRi 

Moreover, for given h, c> 0 the existence time T can be chosen uniformly for data 
belonging to a bounded set ofTL s ul . 

Conditions (1.6) mean that initially, the free surface is away from the bottom and 
the Taylor coefficient is positively away from 0. Then the conclusion (1.7) asserts 
that these properties are propagated by the waves, locally in time. We shall always 
consider in the sequel solutions of (1.3) obeying these properties, which for the sake 
of simplicity is denoted by 

( 1 . 8 ) 

V S) T(h,c ) := {U = (rj,^j,B,V) G L°°([0, T], TL s u i) solution to (1.3), satisfying (1.7) 

and U\t=o satisfies ( 1 . 6 )}. 

Our main result concerning the solution map of the gravity water waves is stated in 
the following theorem. 

Theorem 1.6. Let s>l + ^,T>0 and two positive constants h,c. Then for 
every w G W po (f?), Q > 0 there exists a function 1C : R + x R + — > R + nondecreasing 
in each argument, such that 

(1.9) \\w(Ui — t/ 2 ) II^QO yT ] y 'H s ^ l 1 ) — £(Mi,M 2 )|KE7i — U2)\t=o\\^-l 
for all Ui, U 2 G V s ,T[h,c), provided that the right-hand side is finite, where 
Mj : = ||b r j|| L o 0 ([o,T]/H^) < + 00 , j = 1,2. 

As a consequence, we have 
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Corollary 1.7. Let s > 1 +1; /t, c > 0 and A be a bounded set in TL s u i- Denote 
by T the uniform existence time of solutions to (1.3) in V s ,T(h,c) with data in A. 
Then there exists 0 < T\ < T such that the following property holds: 
for every w £ W po (q), Q > 0 one can find a constant C > 0 such that 

(1.10) \\w(Ui - U 2 ) llc-([o,Ti],w s ji) ^ C\\w(Ui - U 2 )\t=o\\ H s-i, 

for all Uj £ V s ,T(h, c ) with Uj\t=o £ A and provided that the right-hand side is finite. 

In Corollary 1.7 if we take U=o = 0 and use the Sobolev embeddings (see 
Proposition 2.2, [1]) 

H r ul (R d ) W r ~l’°°(R d ), r > d -,r- d -t N, 

we derive 

Corollary 1.8. Let s > 1 + | and h,c > 0. Then for any bounded set A in 
T~L s ul , there exists a time T > 0 such that: 

for every w £ Wpoio), Q > 0 one can find a constant C > 0 such that 

(1.11) II w ^IIc([o,t],'H*7 1 ) < C\\wU\t=o\\y^s--i 

for all U £ V s ,T(h,c) with U\t=o £ A and provided that the right-hand side is finite. 
Moreover, if s > r > 1 + | and r — | ^ N it follows that 

(1.12) \\wU\\ r , d < C'||«;C7h = o|Ls-i. 

V 7 " n C([0,T],W r_1_ 2) _ " 1 

Remark 1.9. Ifu; £ C£° (R d ) then the right-hand sides of (1.9), (1.10), (1.11), (1.12) 
are automatically finite. 

Remark 1.10. Persistence properties in weighted spaces have been studied ex¬ 
tensively for asymptotic models of water waves in different regimes: (generalized) 
Korteweg-de Vries equation equations, Schrodinger equations, Benjamin-Ono equa¬ 
tion, Camassa-Holm equation,...We refer to the works of Brandolese [4], Bona-Saut 
[5], Fonseca-Linares-Ponce [7], Nahas-Ponce [16], Ni-Zhou [17]. 

Remark 1.11. It is natural to ask if the results in Theorem 1.6, Corollary 1.7, 
Corollary 1.8 hold for weights with exponential growth. For example, Theorem 
1.6 with w = e _A l a: l, A > 0 would give a strong pseudo-local property of gravity 
water waves. As we shall explain, the proof of our results can be divided into two 
parts: first, a study of the Dirichlet-Neumann operator in weighted spaces, and the 
second part makes use of a paradifferential machinery in weighted Sobolev spaces 
to paralinearize and symmetrize the system. For the first part, we are able to prove 
bound estimates for the Dirichlet-Neumann operator in the presence of ’’exponential 
weights” in the class W ex (see Proposition 2.14 below). However, for the (pseudo-) 
para-differential calculus, we have to restrict to ’’polynomial weights” in the class 
Wpo due to the fact that, in general, the kernel of a pseudodifferential operator only 
decays polynomially (see paragraph 1.3 3. and the proof of Proposition A. 5). 

Remark 1.12. It would of course be more satisfactory if the results could be 
formulated in terms of the derivatives of if since if is the trace of the velocity 
potential (on the free surface) and hence is determined up to additive constants. 

It should be possible to do so, modulo more technical complications; in particular, 
a Cauchy theory in Kato’s spaces involving only regularity of if in homogeneous 
spaces. We refer to a relating result of Lannes in [11] and the references therein. 
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Remark 1.13. Our proofs rely on the known Cauchy theories of Alazard-Burq- 
Zuily in [2], [1]. To avoid a loss of \ derivatives, the authors assumed that initially, 
the trace of velocity ( B , V) are ^ derivatives smoother than the natural threshold 
suggested by formula (1.4) (see also Remark 1.4, [2]) . Another way of avoiding 
this loss of derivatives can be found in Theorem 4.16, [12] where instead of directly 
imposing regularity condition on - 0 , the author works with the ’’good unknown” 
i/j ~ i/j — Bt], 

1.3. Interpretation of the results. 1. The Zakharov system (1.3) appears 
to be nonlocal, which comes from the fact that the Dirichlet-Neumann operator 
defined by (1.2) is nonlocal. This can be seen more concretely by considering the 
case of fluid domain with infinite depth (i.e. T = 0 ) and free surface at rest (i.e. 

= 0). Then, the Dirichlet-Neumann operators is G(0) = \D X \. However, Corollary 
1.7 shows that the system is in fact still weakly local as explained below. 

Take s > 1 + |. Let’s restrict ourselves to a bounded set A of T-L s ul and suppose 
that we are observing a bounded domain, which by translation can be assumed to 
be centered at the origin, say O = B(0, 1 ). Let Lop, Lop be two data in A such that 
they are identical in a ball L(0, R ) and have difference in 77*7 1 of size 1 outside this 
ball, where R > 1 is a given distance. Take a ’’window” (j> around our observation 
region O. that is, 0 € Cq*(B(0, 3/2)) and < j ) = 1 in O. Then by the estimate (1.10) 
we have for some T = T{A) > 0 and any N > 0 

H0(Lr - L 2 )|| c([0 , t]iK7 i } < Cjv||(‘) -JV (Li - L 2 )|| c([0)T])K7l) 

< C N:A \\(-)- N (U 0A - U 0 , 2 )\\ n s-1 < C NA R- N . 

' L ul 




Therefore, under the dynamic governed by system (1.3), a difference of size 1 outside 
the ball B{ 0, R) of initial data leads to a difference of size R~ N of two solutions in 
the bounded domain B( 0,1) (see the figures above). When R —> +oo, the difference 
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of two solutions tends to 0 at a rate faster than any polynomial. In other words, 
to some extent, what happens far away has small effect on a given bounded region; 
moreover this effect becomes smaller and smaller when the distance increases to 
+oo. This gives us a weakly local property of gravity water waves. This property is 
indeed dictated by the polynomial decay off the diagonal of the kernel of differential 
operators in suitable classes, as we shall explain in point 3. below. 

2. As a consequence of Corollary 1.8, the estimate (1.12) with A > 0 provides 
a spatial decay property for solutions. In classical Sobolev spaces, solutions always 
vanish at infinity. On the other hand, Theorem 1.5 gives the existence of solutions 
in Kato’s spaces which can be neither decaying nor periodic. The estimate (1.12) 
however gives a conclusion for the intermediate case: as long as the datum decays 
at some rate which is at most algebraic in Kato’s space, the solution decays also, 
and moreover, at the same rate. 

3. Let us explain why the class W po of weight that are at most polynomial 
growth is a reasonable choice in our results. For this purpose, a good way is to look 
at the linearization of system (1.3) around the rest state ( 77 , "0) = (0,0) (take <7 = 1 
and the flat bottom {y = —h, h > 0}) 

dtV ~ \D X \ tanh(/i|ZA c |)'i/> = 0, 

+ 7] = 0 

or equivalently, with u := r] + i\D x \2 y / tanh(L|H x |)'i/), 

dtu + i\D x \* >Jtwih.(h\D x \)u = 0. 

Given a datum uq at time t = 0, this linearized equation has the explicit solution 

u(t,x) = p(t,D x )u 0 , 

where the symbol p reads p(t,£) = \A anh ( ft l?l) 

and 0 < T < 00 , we seek for the following estimate 

(!- 14 ) Mlc([o,T];iPd < C\\wuo\\h° u1 - 

Due to the presence of tanh(/i|£|) we have that p satisfies 

(1-15) \d?p(t,0\ <C a (l + 0“H VaeN d , (f,()6[0,T]xR d , 

which is usually denoted by p £ 5? . An adaptation of the proof of Proposition A.5 

2 

then implies the estimate (1.14). Indeed, for simplicity let us consider s = 0. By 
writing Xq = XqXq (recall Notation 1.4) we need to show for any fixed k 6 Z d 

(1.16) A k := ^2 v>XkP(t, D x ) Xq w- 1 : L 2 (R d ) L 2 (R d ) 

q 

with norm bounded uniformly in k. Using the classical pseudo-differential theory, 
it suffices to prove (1.16) for q satisfying \q — k\ > M for fixed M > 0 (cf estimate 
(A.2)). Due to the presence of x.k it suffices to prove A k : L 2 (R d ) —y L°°(R d ). To 
this end, we call 

(1.17) K(x, y) = (2K)~ d [ e« x -vKp(t, 

J R d 

the kernel of the pseudo-differential operator p(t, D x ) then the kernel of A k reads 

H k(x,y)= ^2 w(x)xk(x)K(x,y)xq(y)w(y)~ 1 . 

\q—k\>M 


. Then for w G W po (g), Q > 0 
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The Cauchy-Schwartz inequality implies 

\\A k v\\ L °° < sup || H k (x, -)llz ,2 ||v||z, 2 - 

X 

By writing Xg = XgXg it suffices to show that ||i,go is bounded by some constant 
independent of k. Indeed, remark that by choosing M large enough, on the support 
of Xk(x)x q (y) (in the expression of H k ) we have \x — y\ > 6\k — q\ for some <5 > 0. 
Therefore, one can multiply both side of (1.17) by (x — y) 7 , 7 E N d , integrate by 
parts and take into account the decay property (in £) (1.15) of p to derive 

n ion irw- \Xk{x)w(x)xq(y)vj(y)- 1 \ WAr ^ T 

(1.18) \H k (x,y)\<C N 2^ - (k- ) N -’ ViV G N - 

\q—k\>M ' ^' 

Observe that for any w E W the absolute value of the numerator of each term in 
the above series is bounded by 

Cw{k)w{qY 1 . 

Consequently, for the series in (1.18) to be convergent, it is reasonable to choose the 
weights that satisfy for some A > 0 

w{k)w{q)~ l <(k- q) X , V/c, q E Z d . 

Then by choosing N large enough the series in (1.18) converges to some constant 
independent of k as desired. 

This argument suggests heuristically that the finiteness of the fluid depth is likely 
to be necessary since otherwise, the symbol p become p(t , £) = |£| 1//2 which is sin¬ 
gular at 0 and does not belong to a good class of symbols. The local property of 
the system is closely related to the finite propagation speed property. Indeed, the 
plane waves u(t,x) = uj(k) = |fc| 1//2 are solutions to ut + i\D x \ l / 2 u = 0. 

These plane waves propagate at (group) velocity V k uj(k), which is unbounded when 
the wavenumber |fc| tends to 0. In contrast, for the finite depth case (say h), the 
dispersion relation reads u(k) = \J\k\ tanh(/i|A:|) and thus the speed of propagation 
is bounded over all wavenumber k. 

Remark 1.14. In the theory of pseudo-differential calculus, the terminology 
pseudo-local refers to the following property: if T is a pseudo-differential operator 
then the singular support of Tu is contained in the singular support of u. The proof 
of this result makes use of the fact that: the kernel of T is C°° off the diagonal (x, x) 
in R d x R^. This in turn stems from the decay property of the symbol of T. 

The ’’pseudo-local property” in our result as explained above, also stems from the 
decay of the kernel of a pseudo-differential operator. However, such a decay is then 
translated not into the regularity (in term of the singular support) but the persistence 
in weighted spaces. 

1.4. Plan of the proof. To prove Theorem 1.6 we follow essentially the scheme 
in [1] . The first task is to adapt the paradifferential machinery to Kato’s spaces with 
weights. This is done in Appendix A, which can be of independent interest for other 
studies in this framework. Having this in hand, compare to [1] (and also [2]) the main 
ingredient for the proof of Theorem 1.6 reduces to the study of bound estimates, par- 
alinearization and contraction estimate for the Dirichlet-Neumann operator. These 
are done in section 2 and 3 below, respectively. 

Acknowledgment. This work was partially supported by the labex LMH through 
the grant no ANR-11-LABX-0056-LMH in the ’’Programme des Investissements 
d’Avenir”. I would like to send my deepest thanks to my advisor, Prof. Nicolas 

7 




Burq for his great guidance with many fruitful discussions and constant encour¬ 
agement during this work. I sincerely thanks Prof. Claude Zuily for interesting 
discussions. Finally, I thanks the referees for proposing many valuable suggestions 
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2. A weighted description for the Dirichlet-Neumann operator 

Notation 2.1. Throughout this paper, we denote C > 0 and T : R + —> R + 
are multiplicative constants and functions that may change from line to line within 
a proof. The notation A < B means that there exist C > 0 such that A < CB. 


2.1. Definition of the Dirichlet-Neumann operator. In this sections, we 
drop the time dependence of the domain and work on the domain of the form. 

(2.1) 12 = {( x,y ) G R d+1 : rj-fix) < y < r?(x)} 

where r/* is a fixed bounded continuous function on R d and r/ G W' 1 - 0 O (R d ). We 
assume that 11 contains a fixed strip 

(2.2) Q h := {(x, y) G R d+1 : r/(x) -h<y < r/(x)}. 


2.1.1. Straightening the boundary. We recall here the change of variables intro¬ 
duced in [2] (see section 3.1.1) to flatten the domain with free boundary (which 
is in turn inspired by Lannes [11]). Consider the map (x,z) i-G (x,p(x,z)) from 
12 := R d x (—1,0) to 12/j determined by 


(2.3) p(x,z ) = (1 + z)e Sz ( Dx ' ) r](x ) — z e ( 1 +^) 5 ( D ^> ? y( ;c ) _ h if [x,z) G 12. 

If r/ G W 1 > 0O (R d ) and <5 is small enough this map is a Lipschitz-diffeomorphism 
from 12 to 12 h and moreover, d z p > cq > 0 (see Lemma 3.6, [2]). 


Notation 2.2. For any function / defined on 12, we set 
(2.4) f(x,z) = f(x,p{x,z)) 

then 


(2.5) 


' df 1 ~ ~ 

— (x, p(x, z)) = —d z f(x, z) := Ai f(x, z) 
dy d zP 

V x /(x, p(x, z)) = (Vj- d z f)(x,z ) := A 2 f(x,z). 


2.1.2. Definition of the Dirichlet-Neumann operator G(r/). Let G we 

recall how G(rf)fi is defined (section 3.1, [1]). 

For every q G Z d , set if q = Xqfi’ £ then one can find if G H l { 12) such that 

ip \ y=r)(x) = fi’qi.x) and for some T : R + -A- R + , 

(i) suppfi^ C {(x,y) :\x-q\< 2,r/(x) - h<y < rj(x)} 

(**) ll^llnifn) < •^(lkllwi.<x. (R d))||V’ ? ||^i d) - 

Let u q G iL 1,0 (12) := {x G H 1 ( 12), x|s = 0} be the unique variational solution, to 
equation /A xy u q = — A x>y ip q , which is characterized by 



V X, y u q (x , y) ■ V Xt y9(x, y)dxdy = 



^x, y ± q (x, y) • V x ,j ,e{x,y)dxdy 


( 2 . 6 ) 






for all 9 € H 1,0 (Q). The series u := Ylqez d u q is then convergent in 


:= 1 u : sup \\x q v 


qe z d 


Q u \\H 1 (n) 


< Too and u|e = 0 > . 


Finally, <h := u T if := ^2 q ez u q + Thq^z V’ s °l ves uniquely the elliptic problem 


(2.7) 


<9<h 

& x ,y$ = 0 in n, <F| S = i/>, = 0, 


in the variational sense and moreover, there exists F : R+ -> R+ such that 

11^11^(0) < HWvWw^m) IWI H * (Rd) • 

(see Proposition 3.3, [1]) 

The Dirichlet-Neumann operator is defined by 

G{ri)ip(x) = (1 + IV^lTglE = - V.r, • 

= (Ai$ - V x ri • A 2 T) |j2= 0 = (Ai$ - X7 x p ■ A 2 $) \ z =o. 

2.2. Elliptic regularity with weights. We observe that if u is a solution of 
the elliptic equation A u = 0 on Q and u is its image via the diffeomorphism (2.3) 
then 

(A? T A|)u = 0, 

which is equivalent to (see equation (3.16), [2]) 

(2.9) (d 2 T aA x + (3 ■ V x d z — ^d z )u = 0, 

where 

( 2 - 10 ) a : = i + |v p |2’ ' 3 _2 i T |V x p| 2 ’ 7 -Q^- p {d 2 zP + a/± x p + l3-S7 x d z p). 

These coefficients are estimated by 

Lemma 2.3 ([1, Lemma 3.17]). Let J = (—1,0) and s > 1 T f • There exists 
T : R + — > R + non decreasing such that (see Definition A.l for the definition of 

K,) 


O' 


T 


T 


Kihj) 


< F 


H 


XuiDD XuiDJ) 

Let us denote by C the linear differential operator 
(2.11) C = d 2 + aA x + /3-V x d z 

and consider the following inhomogeneous initial value problem 

j (£ — 7 d z )u = F in R d x J, 

I u\z=0 = 


s +2 


)■ 


( 2 . 12 ) 


Recall Dehnition 1.2 for the definitions of weight classes W, W po , W ex . It is clear 
that Wp 0 (p) C W ex (g) for all g > 0. For any w E W, defining 


(2.13) 


Aw 


-l 


r 2 '■= 

>d\ 


Aw 

——> r 2 : = -. 

1 w 


we have that r 2 , r' 2 € C£°(R d ). Now we fix a weight w G W and set v = wu. A 
simple computation shows that v satisfies 

Cv T (j3 ■ r\ — ^)d z v T ar 2 v T 2ari • \7 x v = wF. 

9 





Next, set vj- = XkV , then 

(2.14) Cv k = XkwF + F 0 + Fi 


where 

j F 0 = aAxkV + 2 aVxk ■ V x v + ft ■ V x Xkd z v - XkP ■ r\d z v - XkOcr 2 v - 2xfcori ■ V x v, 

[Fi = Xk'ydzV. 

Estimates for Ffis are given in the next lemma. 


Lemma 2.4. Let J = (—1,0) and s > 1 + There exists J- : R + —> R + non 
decreasing such that for —^<cr<s— 1 we have 


(2.15) 


l 

Ill'll Y a+ h(j) 

j =0 


< ^(ll r ?IL s +i)( IWIIj?- + l|Vx,^IU- ( j))- 

H ul 


(see Definition A.l for the definition ofY^f, where J- depends on w only through 
the semi-norms of r*, r(, i = 1,2 in C'^°(R </ ). 


Proof. 1. It was proved in Lemma 3.20, [2] (applied with e = 1) that under 
the conditions of this lemma, 


Il7^ll y <r+i (j) < ^11711^(7,^-1) \\dzv\\x°(j) > 

whose proof uses only the regularity of 7 and d z v. By writing Xk'ydzV = C\fc7 )(Xkd z v) 
and using the proof of preceding estimate we obtain 


\\Fi\\ Ya+ i {J) = \\XkXd z v\\ Y „ + i {J ) < C 

< T 


LHLKY 1 ) 


H 


s+2 , 


\° zn xzfJ) 
U H x° ul {J) ■ 


2. We turn to estimate Fq. All the terms containing either V x ii or d z v can be handled 
by the same method (remark that 77 6 ^(R^)). Let us consider for example 
aVxfc • V x v. There exists M > 0 such that if | k—j | > M then supp Xk C supp Xj = 0- 
Therefore, it suffices to estimate A = Xj a ^Xk ■ V iT u for |j — k\ < M. We have the 
following product rule in Sobolev spaces (see for instance, Corollary 2.11 (i), [2]): if 
so < si, so < S2, si + S2 > 0 and so < si + S2 — | then there exists C > 0 such that 
for all u\ 6 H Sl , u 2 £ H S2 there holds 


(2.16) 11TT-it/2 117/ s o — F 11Tti 1111 Tjsa ■ 

The preceding result applied with so = a. si = s, s 2 = a together with Lemma 2.3 
leads to 


Mil L 2 (J,HD — \\XkOt\\ L 2(j' H s) IIv Xfc • — ^(IMI s+1 ) l|Va;U|| X a . 

H ul 

3. We are left with two terms aAxkV and XkOtrfv, which can be treated in the same 
way (remark that r 2 G C“(R d )). Let us consider for example «A XkV- As in 2 ., one 
only need to estimate Xj a ^XkV for j close to k. The product rule (2.16) gives 

||XjaAxfeu|| yS+ i (J) < WxjuAxkvWtf^n^ 

< C ||aAxfe|| L 2( J)i?S ) \\xA\l<*>{j,h°) 

< C \\a\\ L 2(^J H ^ \\Xj V \\ L oo( JyH <y} • 


Now, by writing 
(2.17) Xjv(x,z) 



Xjd z v(x,T)dr 
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XjWip(x)+ Xjd z v(x,T)dT, 

■Jo 


we obtain 


\\Xjv\\ Loo^h^ < \\w^\\ H a 


+ \\dzv\\ LO o( JiH „ )ut < IMII h* + \\d z v\\x„ ,j) • 


Consequently, 


IIXj aA xHl y a + i (J) < IK „^ ul 


HZ, + Hoi’ll X a AJ) )• 


□ 


Remark 2.5. Lemma 2.4 is in the same spirit of Lemma 3.18, [ 1 ]. However, in 
Lemma 3.18, [ 1 ] the authors considered two cases corresponding to two ranges of a: 
—1 2 < a < s — | and s—|<c<s — 1. This aimed to keep in the estimate (2.15) 
the function T depending only on ||r/|| SQ+ i for any 1 + ^ < so < s, which appeared 

^ul 

in their finial a priori estimate (see Proposition 4.7, [ 1 ]). Here, however, for our 
contraction estimates we do not need this tame estimate. In fact, our contraction 
estimates shall be established in 1-derivative lower Sobolev spaces, hence we even 
do not use weighted bounds in the highest norms. 


Next, we prove an elliptic regularity theorem with weights for V X;2 u: 

Theorem 2.6. Let J = (—1,0), s > 1 + | and w E W e x{.o), Q > 0. Let u be a 

solution of the problem (2.12) and set v = wu. For —| < er < s— \ letr] E (R d ) 
satisfying (2.2), wif E iL^ +1 (R d ),F E Y^(J) and 


(2.18) 


IV x.zV I 


xj 


( J ) 


< Too. 


Then for every zq E]-1,0[ there exists T : R + —> R + non decreasing, depending 
only on ( s,d ) and the semi-norms of r%, r\,i = 1,2 (in C'^ >0 (R </ ) y ) such that 


(2.19) ||V x , 2 u|| x . (20)0 ) < F(\\ri\\ ^){\\w^ H *+i+ \\wF\\ Y *(j) +\\V X ,Ml i } 

ul ul V ' 


Consequently, 

( 2 . 20 ) 


\\^x,zu\\x- t (z 0 ,o) < ^{hW s+ i){lk'0ll^+ 1 + \\™ f \\y-(j) + \\wV x , z u \\} 

1 ul 1 


X ul O- 


Proof. Estimate (2.19) is a consequence of Proposition 3.19, Proposition 3.20 
and the proof of Proposition 3.16 in [1], tacking into account Remark 2.5. We now 
derive (2.20) using (2.19). Remark first that d z v = wd z u. Next, we write 

w'S7 x u = S7 x v — uV x w, 


where 

u(x, z)X7 x w(x) = r[(x)w(x)u(x, z) = r[(x)w(x) [u{x, 0) T J d z u(x, r)drj, 
which implies (using again r[ E C“(R rf )) 


\\uV x w\\ X a < C( 

ul 

We have proved that 


wi 


H 


i T \\wd z u\\ x * ) < C( 


w\ 


H 


+ \\dzv\\ x °Y 


y<r ^ C ( \\w7p\\ (T+i H - || ^ x,zV || x a )* 

ul JJ * ul 

ul 

Likewise, it holds that 

||V XjZ u|| _i < C{ WimfWn^ T \\w\7 XtZ u\\ _i ). 

*~ul ^ ul 
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The two inequalities above show that (2.20) is a consequence of (2.19) (notice that 

a + 1 > 0 ). □ 


Remark 2.7. We remark that in all the results stated below, the function F 
depends on w only through the semi-norms of r* and r \, 1 = 1,2 in C^°(R d ). 

_ i 

To apply Theorem 2.6 we need a base estimate in the low norm X , 2 . For the 
proof of this, let us recall a classical interpolation result. 

Lemma 2.8 ([13, Theorem 3.1]). Let J = (—1, 0) and ueR. Let f E L 2 fiJ , H a+ 2 (R d )) 
be such that d z f E L 2 fiJ, H a ~ 2 (R d )). Then f E C!?([— 1, 0], H a (Ti d )) and there exists 
an absolute constant C > 0 such that 


11 11 C2([—1,0] (R. d )) — ^ll/ll£2(j ) jy'7+2(j{d)) "b (R. d ))' 

Recall also here the Poincare inequality proved in [1] (cf. Remark 3.2) for fluid 
domains with finite depth of type fl (cf. (1.1)). 

Lemma 2.9. Let 9, E Cj (R ri ) satisfying ||0 — #*||i,oo( R d) > 0. Define 

O = {(x, y) E R^ x R : 9fix) <y< 9(x)} 

and 

H 1,0 (O) = {«E L 2 {0) : V Xt yU E L 2 (0) and u\ y=e{x) = 0}. 

Then for all u E H 1,0 (O), a E C“(R d ), a > 0, there holds 

( 2 . 21 ) Jf a { x)Hx,y)\ 2 dxdy<\\e-94l„ m jj a(x)\d y u(x, y)\ 2 dxdy. 

Remark 2.10. In Remark 3.2, [1] the constant appearing in the Poincare in¬ 
equality is stated to be dependent only on ||0||x,oc + ||0*||z,°°. However, it is easy to 
track the proof to derive the explicit constant ||0 — Mioo( R d) in (2.21). 


Proposition 2.11. Let J = (—1,0), s > 1 + |. Let $ be the unique solution to 
(2.7). Then the following statements hold true. 

(i) For every w E yV po (g), g > 0, one can find a non decreasing function F : R + —> 
R + such that 


(ii) There exists 
and g < g* with 


\\wV xz M _i < J r (||? 7 || ,1 )\\wM 1 

’ -Y u 7(j) Ul/ Xt 3 ( Rd ) 

an absolute constant C* = C*{d) > 0 such that for all w E W ex (g) 


2 1 

(2.22) g * C * ||77 — 

one can find a non decreasing function F : R + -A R + such that 


lhv a , z $|L _1 < H\\ril 




H 


■ s +2 


(R d ) 


)IIW’II 


1 

uL 


(R d ) 


Proof. We proceed in two steps. 

Step 1. By Lemma 3.6, [1] one can find an absolute constant C* > 0 such that for 
all y > 0 satisfying 

(2.23) ixC* \\rj - ?7*||^oo( R d) < 1 

there exists F : R+ -> R+ non decreasing such that for all q E we have 

(2.24) 11 e u{x-q)y xyUq \\ L 2 (f2) < ^(||r?|| w i,o 0(Rd) )||^|| if i (R[i) . 
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Using properties (i) and (ii) above of (see section 2.1.2), we see that (2.24) also 
holds for u q replaced by ip for any p > 0 and thus (2.24) is true for u q replaced by 
$<? = u q + ± q , he., 

\\e^ x - g) V x , z %\\ L2m < ^(||r / || wll oo (Rd) )||^|| ff i (Rd) 

for any p > 0 satisfying (2.23). 

Using the diffeomorphism (2.3) we deduce that 

(2.25) \\e^ x q ' > 'Vx,z$q\\L 2 (j,L 2 (R d )) < F(\\ri\\ w i,o°(ii d ))\\'ip q \\ H i ^ Rd y 

Consider a weight w that is a priori in W. On the support of y> 0 . we have w(x)e^ x ~ q > ~ 
w(k)e^ k ~ q ' > . Hence by the product rule (2.16) we have 

(2.26) \\XkwV x , z ^ q \\ L 2 UL 2 (nd)) < Cu;(fc)e“ M<fc “ 9) J r (||r/|| w i, t x, (Rd) )||^|| ff i (Rd) , 

from which it follows that 

(2.27) 

|X^V* 1 ^|| l2 ( JiL2(R < I )) < ^2 \\Xk1vV x ,z®q\\L 2 (J,L 2 (R d )) 

q 

< U^u;(fc)e"^ < ' c " ,?) J c '(||?7|| w i.oo (Rd) )||V>g|| R i (Rd) 

q 

< C^w(k)w~\q)e~^ k - q) J r (\\ri\\ w i, x(nd) )\\w%\\ H i {iid) . 

q 

Now we distinguish two cases: 

(i) w G W P o(e), Q > 0. By definition, w(k)w^ 1 (q) < C(k — q) e and thus the final 
sum in (2.27) converges for any p > 0, which leads to 


(2-28) \\XkwV x , z ^\\ L 2 {JjL 2 {nd)) < J r (||r?|| l4 /i.oo( R d))||u;^ 

(ii) w G Wexio), 0 > 0. Choosing p, 0 * such that 


H^(R d ) 


pC* ||p ?7*||^oo^ Rd ) — 1, 0 *C* \\rj 77*||^oo( R d) — 


then the final sum in (2.27) converges for all 0 < 0 * and one also ends up with 

(2.28). 

Step 2. Let us fix a weight w as in (i) or (ii). To complete the proof of this lemma, 
it remains to show for any k G Z d that 


(2.29) 


||XfcU>V,*$|l , ,„_i < F(\\ri\\ ^i)lluu/;|| 1 


■ r s +2' 

ul 




'L°°(J,H _ 2(Rd)) 

By the interpolation Lemma 2.8 

lhx*V s £|| V < |kXfcV x $|| L 2 (JiL 2) + ||'iUXfe^V 3; $|| L 2 (<7)R -l). 

The first term on the right-hand side is estimated by (2.28), so we need to estimate 


M := \\w Xk V x dM L *{J,H-iy 

Notice that for any acceptable weight cv G W, there holds with x £ (R d ) and 
X = 1 on supp x that 


11 a^Xfe Vx /11 h s ( R d) < ||V(wXfc/)||_ ffS ( R d) + ||wV*Xfc/llH. (R) d + ||Va;U;xfc/|| RS ( R d) 

< IIXfc w /llR=+l(R<i) + ||wVa;Xfc/|| RS (Rd) + ||?'ixfe||R s ||Xfc c * ; /llR»( R d ) 
13 


where r[ = as in Definition 1.2. This implies 

(2.30) \\uXkVxf\\ H s m < C|l a; /ll_H'»+ 1 (Rd)) Vw G W, s G R. 

Applying this estimate and (2.28) leads to 


M < C\\wdM L 2 {JiL 2 U < ^(11^11+1)11^1 

7 


H^, 

ul 


Finally, to obtain (2.29) we shall prove 


(2.31) 


\\wd z <&\ 




<^(hll^fi)IMII 


1 h" 2 ' 

ul 




Again, by interpolation 

II wxkdz® 


L°°(J,H~h - ll w Xfc 5 *®IU a (J,£ a ) + 

It remains to estimate A := ||llz, 2 (^,i^— x )• Taking into account the fact that 
& q satisfies equation (2.9), we have 

A < ^ A 1>q + A 2 , q + A 3j9 , 


where by the product rule (2.16) (remark that s > 1 + ^ is sufficient), Lemma 2.3 
and (2.28), 

M,q = WXkwaAQqWtf^H-i) < \\a\\ Lx _i \\wA® q \\ L 2 {JtH -i u , 

M,q = \\XkwPd z V x ^ q \\^j tH -i) < W\\ x ^ q \\ L 2 {J)H -i )ul , 

A 3 ,q = \\XkW'yd z $ q \\ L 2 i j tH -i ) < ll7ll Loo(J ^ s -3 )u Jk^$ 9 llL2 ( j,L2 )ur 

Finally, to sum \\wV x ,z&q\\L 2 (j,L 2 ) u i over 9 ^ one ma kes use of (2.26) and argues 
as in (2.27). The proof of Proposition 2.11 is complete. □ 

Remark 2.12. In statement ( ii ) above, the function T depends on g, which 
is in turn bounded from above by C\\rj — r/*||2oo. Therefore, T is really increasing 


l*\\L° 

in ||r/|| s+ i if the fluid depth \\r] — 77* 11Z/°° is bounded from below by some positive 

H ui 2 

constant. 


Using Proposition 2.11 as the ground step for the regularity Theorem 2.6 we 
now prove a weighted estimate for <F and its gradient. 

Corollary 2.13. Let J = (—1,0), s > 1 + |. Let <f> be the unique solution to 
(2.7). Then the following statements hold true. 

(■ i) For every w G W po (g), Q > 0 and — \ < a < s— one can find a non decreasing 
function T : R + —> R + such that for any zq G (—1,0), 

IMHjr+W) + < ^{h\\ s+ i)||^||r-+i- 

* ul 

(ii) For every w G W ea; (^) with g < g* ( defined by (2.22 ) ) and — \ < cr < s — one 
can find a non decreasing function T : R + —> R + such that for any zo G (—1,0), 

H^HjT+W) + < F(\\r]\\ + i)\\wif\\ H *+i. 

U ** m 1 U 


Proof. Observe that satisfies (2.12) with F = 0. According to Proposi¬ 
tion 2.11, with the weight w given either in (i) or (ii) we have 


lkV^|| 1 <J r (||r?|| +i)||u;^|| 1 <+ 00 . 

JXf I 111 h-I * Tl Z 

ul 


(20,0) 


H 


'H 1 , 

Ul 
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Theorem 2.6 then leads to the desired estimate for HmV x^Wx^^zofi)- Consequently, 
the argument in (2.17) leads to 


lk$IU-( Zo ,o) < IkV’ll^+i + \\wd z <S>\\x Zl (*0,0) < F 


s+h )\m 

n ul 


H ul' 1 ' 


Finally, using the fact that for any W £ W, 

ll^ll^r < CdlVFVull^ + ||Wu||^) 

we derive 


\\w$\\ 


X^\z 0 ,0) ^ 7 


.I fUA 


A 


I^CT + i. 
ul 


□ 


Corollary 2.13 implies the following weighted estimate for the Dirichlet-Neumann 
operator, which is of independent interest. 

Proposition 2.14. Let s > 1 + | and p 6 H s+ z (R d ) u i. Then the following 
statements hold true. 

(i) For every w £ W po (g), Q > 0 and — | < u < s— one can find a non decreasing 
function T : R + —» R + such that 

I \wG(ti)iI)\\h^ < F( 


H 2 ui 

uL 


(ii) For every w £ W e x(g) with g < g* (defined by (2.22) ) and — | < cr < s — one 
can find a non decreasing function T : R + —> R + such that 

WwGiw^WHZ, < ^(IMI„ s+ i)ll^j^ +1 - 


H 


Proof. Let w be the weight as in (i) or (ii). By (2.8), 

G(r/)'ip = (Ai$ - V xP ■ A 2 4>) | z =o =: H\ z=0 . 

Owing to Lemma 2.8, we have for any J = (zq, 0) C (—1,0) 

\\x q wG(ri)if\\H- < C(\\x q wH\\ T2fTuCr+ i^ + || x q wd z H 

For the term || \ 0 wd z H\\ 

IIA,? z L 2 (J,H 

W) 

d z H = -v((d zP ) a 2 <f) 


L 2 (J,H a+ i ) ' ~*~"L 2 {J,H a - 2)^‘ 

we make use of the following identity (see (3.21), 


to have 


\\x q wd z H\\ 


< \\w(d z p)A 2 ^\\, 


Vg "L 2 (J,/P“2) - "L 2 (J,H a+ 5) u i 

On the other hand, we observe by definition (2.5) of Ai 2 that the terms in F[ have 
the same structure as (d z p) A 2 <L and thus, it suffices to prove, for example, that 




H 


s+ i )Ww'r\\ H 


ctH-1 . 
ul 


By virtue of Corollary 2.13, this reduces to proving 


H 


I wV,,f 


x,z^\\x° 

' 11 ii. 


(2.32) \\wVxP ■ V ^ll i2 (j, H °+h )ul - 7 

We consider two cases: 

Case 1: < a < s — 1. We apply the product rule (2.16) with so = u + |, si = 

s — \, s 2 = cr + i to obtain 

II XkwW x p • yM LW . +h < 


15 


from which (2.32) follows in view of Lemma 2.3. 

Case 2: s— l<cr<s — Since a + ^ > f we have the following well-known 
inequality 

On the other hand, cr + | < s and a > s — 1 > | so 

\\ab\\ Ha+ i < ||o||^_i||6||^ + i +\\a\\ HS \\b\\ H *. 

Applying the preceding inequality to a = XkS?xP and b = Xk ' w ^yields 


WXkW^xP • v x 3>|| L 2 ( JH *+\ ) < 

+ WXk^J xP\\l, 2 (J,H s )\\XkWV 

Lemma 2.3 then implies the desired estimate (2.32). The proof is complete. □ 


Remark 2.15. Several comments are in order about Proposition 2.14. Let us 
recall a relating result on the exponential decay of the Dirichlet-Neumann operator 
(for d = 1) obtained by Ming-Rousset-Tzvetkov [15]: 

Proposition 2.16 ([15, Proposition 3.2]). Assume that 77 * = —H and if G 
C“(R) having an exponential decay: 

3X > 0, Vj G N, j > 1 ,3Cj >0, Vs 6 R, \^ x if{x)\ < Cje~ x ^. 

Then for rj G H°°( R) with p — H > h > 0, G{ii)if also has an exponential decay, 
that is, there exist 0 < e < A such that for any j G N we can find a constant C- > 0 
such that 

\diC(rj)xf)(x)\ < Cje~ E ^. 

1. The advantage of Proposition 2.16 is that it does not assume decay on ?/> itself 
but its derivatives, which is compatible with the solitons studied there. The authors 
were not interested in the way the estimates depend on the regularity of the surface 
V- 

2. Proposition 2.16 is asymmetric in the sense that the exponential decay of G{rj)tjj 
is lower than the decay of if. 

3. Proposition 2.14 assumes also that if is decay (choosing for example w(x) = e e ^). 
However, compare to Proposition 2.16, it has the following advantages: 

(i) Proposition 2.14 holds in any dimension, with varying bottom ( 77 * is only 
assumed to be in C°) and allows domains with non smooth surfaces (77 G 
C 2+e ). 


(ii) The decay rate of G(rj)if is preserved, i.e., the same as the rate of if. 
Moreover, the exponential rate g of if can be chosen as 

. 33 ) 

(for some absolute constant C* = C*(d)) which is decreasing in the square 
of the fluid depth. Such a rate is therefore higher for shallow water but 
deteriorates when the depth tends to infinity. 


8 < 


2C*||t7 - 77* 


12 

I L°° 
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2.3. Paralinearization of the Dirichlet—Neumann operator. We denote 
by k the principal symbol of the Dirichlet-Neumann operator: 

«= ((1 + |V a; 77| 2 )|e| 2 - ' O 2 )^ 

and define the remainder 

(2.34) R(r,)if -=G{g)if -T^. 

Our aim in this section is to prove the following weighted version of Theorem 3.11 
in [1], 

Theorem 2.17. Let s > 1 + | and w 6 W po {g) , g > 0. Then there exists T : 

s , 1 

R + —> R + non decreasing such that for 0 < t < s— g £ H ul 2 (R rf ) satisfying (2.2) 
we have 


\wR(ri)^\\ H t < -7 r (IML s+ i)lhV’ 


H" j 2 ' 

Ul 


H 


t+4 


provided that wty E H, 


^+0 /T^d 


ul 


R C M. 


(2.35) 


Proof. Let us fix a real number i 6 [0,s — )]. By definition of the Dirichlet- 
Neumann operator, one has 

G{g)if = hid z $ - h 2 ■ | , hi = 1 + , h 2 = V x p. 

z ~ [> d z p 

Let A be the symbol of class T\ (R d x J) given in Lemma 3.20, [1]. We set 

2 

9k = ( d z - T A )(xkW$), hj \ z= o = h°j, j = 1, 2, A\ z=0 = A 0 . 

Then we can write 

XkwG{r])i> = hi(d z (xkW®))\z =o - Xkwh 2 • 

= hig k \ z=0 + hiT Ao (xkXkWif) - XkXkwh 2 ■ V x ip 
= h\g k \ z= o + h° 1 [T Ao ,Xk]{XkW'if) + Xk{hi T Ao - h° 2 ■ V)(x k wif) 

+ Xkh ° • V(x fc w0) - XkXkwh 2 • V^- 

Therefore, 

XkwG(ri)if = Bi + B 2 , 

where 

B\ = h\g k \ z = o + h°[T Ao ,Xk\(XkW'if) + Xk{h\T Ao - h 2 • V) (xkWip), 

B 2 = Xkh 2 • (VxfcW + Xkh 2 ■ (S7w)ip = Xkh 2 • (Vrn)V’. 

The proof of Theorem 3.11, [1] shows that 

B\ = XkT K (xkWif) + S 

with the remainder S satisfies 

\\S\\h* < 


± ul ul 


Writing Vw = wr\ with n G Cjj°(R d ). Since h° 2 e H s ~^(K d ) ul with norm bounded 
by iF(\\g\\ s+ i) and t < s — \ the product rule yields 


’K[*' 


\\B2\\h* = \\Xkh°2 ■ r lW1p\\ H t 

= \\Xkh 2 Till^-1 \\xkW^\\ H t 
< J r {\\ri\\^.i)\\vnp\\ H t i . 


± ul 
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We have proved the following result 

XkwG(rj)i> = XkT K {xkWtp) + S, ||5|| H ‘ < ^{WvW s +i)ll^^ll t+ i- 

H ul H ul 

The proof of Theorem 2.17 boils down to showing that the commutator T := 
Xk[T K ,Xkw]tp satisfies 

(2-36) m^<^(||77|L s+ i)||^|L t+ i. 

H ul H ul 

Indeed, introduce X £ C'^°(R d ), x = 1 on the support of % and define also x q (‘) = 
X{- ~ q) for all q 6 Z d . Denoting = Xk w an d noticing that Wk = WkXk we can 
write 

T = XkT K {wkXk VO - XkWkXkT^ 

= XkT K {wkXk VO - XkWklXk, 1 ^ - XkW k T K (xk VO 

= Xfc[r«, ^fcKxfcV’) - xfc^fc[xfc, t k ]v> =: Ri - i?2- 

1. can be written as 

Ri = Xk[T K , TVj(XfcV0 + XkT K {{w k - Tl« fc )(x fc V’)] - Xfc(wfc - T Wk )(T K (x k i 0) 

— • R\,a T Rl,b ^l,c- 

a) For R\ a we apply the symbolic calculus for paradifferential operators in Kato’s 
spaces (cf. Theorem 7.16 (■ ii ), [1]) to k G T}, Wk £ T) 1 (see also Theorem A. 11 (ii) 
in the Appendix) to have 

ll^i, o||h* < CR(M ,+1)11^11^1.-11x^11^- 

Now by properties (i), (ii) in Definition 1.2, the weight w satisfies 

WwkWw 1 ’™ < Cw(k) and w(k)\\x k ^\\H t < CW^Wh*,- 

ul ul 

Consequently, 

l|fli,a||jj* < •^(lklL s+ i)ll^ll H\- 

H , 

ILL 

b) For R\ 6 one first uses the boundedness of T n from H\ 't 1 to H f :, (see Theorem 
7.16 (i), [1]) to have 

WRiMIh* <R{h\\ s+l)\\{w k - T Wk )(x k ^)\\ H t+i 

H z ILL 

n Ul 

Next, the paraproduct rule in Proposition 7.18, [1] gives for n large enough 

\\(w k ~ T Wk )(x k ip)\\ H t+i < CWwkWH^WXk^WH^ 

As in a) we remark that \\vJk\\H'\ £ Cw(k ) and hence obtain the desired estimate for 
Rib- The term i?i jC can be handled using exactly the same method. In summary, 
we have proved an estimate better than needed: 

\\Ri\\m < R{\\q\\ H s+i) llW’lli^- 

2. To study R 2 we decompose 

R 2 = Wk{T^ k ,T K )ij) + w k (Xk ~ T x k ) T ^ ~ w k T n[(x k ~ T xk)^] 

By the same arguments as in the the study of Ri but using instead the symbolic 
calculus in Kato’s spaces with weights in Theorem A. 11 together with inequality 
(A.21) one ends up with 

\\R 2 Wm < R{h\\ H s+i)\\^\\ H t ui . 

The proof of Proposition 2.17 is complete. □ 
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Remark 2.18. In the proof above, it is for the study of the remainder R 2 that 
we need to restrict the weight w to the class of ’’polynomial weights” W po {b). 

2.4. A weighted estimate for <f>. We use the elliptic regularity theorem 2.6 
to prove a weighted estimate for <h-solution to (2.7), which will be used later in 
proving a contraction estimate for Dirichlet-Neumann operator. 

Lemma 2.19. Let s > 1 + | and w £ W ’ P o(q), 8 > 0. With fi> 0 satisfying (2.23) 
and ip q as in section 2.1.2 there exists a non-decreasing function T independent 
of q such that 

llwea^XfcV^^iglliocjjxRd) < HWvWj+^WwpqWH'- 
fce z d ul 


Proof. We remark that wif q £ H s (Rf ) for every q £ Z“ provided that -0 £ 
It is clear that 

\\we^ x -^ X kV x ^ q \\ 

Consider the weight we 3 ^/ 4 ( x_l ?) g yy which has semi-norms independent of q. Ap¬ 
plying Theorem 2.6 to (with a = s — 1) and taking into account Remark 2.7 , we 
may estimate 

||'We2^ X q ^Xk^x,z^q\\L°°(JxK d ) 


fce z d 


< 


O' e 4 ||ZCe V a ; > z'±’<jll-L 00 (JxR d ) 


fcez d 


< H\\v\\ s+ i) {||«, e 3/*/ 4 <*-9>^|| H . + || we 3 M/ 4 <*- ? >v Xia $ g 

H , 

ul v. 


*«iV) 


H . z 

ul 


WwifqWH* + \\we Zll/4:{ - X ^V X)Z $q|| 1 

X ul ( J ) 


Remark that in the first inequality, we have used the trivial fact that ^ fcgZd e~^ ( ' k ~ q ' > 
is finite and independent of q. 

To complete the proof we need to prove that 

(2.37) ||„, e 3„/4(*—,) V j || < jr(||,|| j)|| m 0 

X 2 (J) H 2 M 2 

ul ' > ul 

However, using interpolation inequality as in step 2 of the proof of Proposition 2.11, 
it suffices to show that 

(2.38) \\we^ x - q )V x , z ^ q \\ L 2 {J:L 2 U < R(\\r,\\ s+h )\\w*f q \\ i. 

H ul 

Indeed, by virtue of (2.25) one can estimate 

11 Xpwe ¥ <*“«> V X)2 $q 11 L 2 WL2) < e- 4 <P-9> u,(p) || Xv ^ x ~ q) 11 L 2 (j,^) 

< e -f<P-?> u; ( p )jr(|| r? || H/1)0o )|| x ^||^^ 

< e"4(P-9> w (p) u; ( g )-ijr(|| ?? || wl!00 )|| u , X9 ^|| 

< e -4<P-9>( p - g )C(||, 7 || w , 1|00 )|| wx ^||^i 


1 

i/2 


which is the desired bound. 


J 7 (\\ri\\who 0 )\\wx q il’\\ H i-. 
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□ 


Remark 2.20. As in Proposition 2.11, Lemma 2.17 can be formulated for weights 
in the class yV e x{o) with g sufficiently small. 


3. Weighted contraction for the Dirichlet-Neumann operator 


The main ingredient in proving the contraction for the Dirichlet-Neumann oper¬ 
ator is the contraction estimate for solutions to the elliptic problem (2.7). The key 
idea then is to compare the two variational solutions after changing the variables 
Tj to Tj as in (2.4). However, after straightening the fluid domains by the diffeo- 
morphism (2.3), the new domains will depend on their upper surface. To overcome 
this, we use a slightly different diffeomorphism as follows. 

Given 77 * G C°(R d ) and h > 0, there exists rj G Cy°(R d ) such that 

(3.1) V*( x ) < v( x ) < V*{ x ) + !r, Vx G R d . 

O 

Then, because r]j > 77 * + h we set 

= {(x,y) : x G R d , rtj(x) - § < y < rjj(x)}, 

^2 ,j = {(x,y) ■ x € R d , fj{x) <y< rjj(x) - §}, 

= {(x,y): x e R d , V*(x) < y < rj{x)}, 


and 

Hi = R^ x (— 1 , 0 ) 2 , 

D 2 =RjX [—2, —l] z , 

0 3 = {(x, zj G R d x (—00 — 2) : z + 2 + rj{x) > 77*(x)}, 

SI = Hi U D 2 U fl 3 . 

Remark that R depends on 77*, h but not on r/y. Thus, we can define 
(3-2) 

Pij(x, z) = (1 + z)e Sz( ' Dx ^r]j(x) — z [e'~^ 1+z ^ s< ' Dx ' > r]j(x) — |] , in Hi 
Pj(x, z) = P 2 j(z, z) = (2 + 2 ) [e 5 ( z+1 )^ Dx )77j(x) - |] - (1 + z)rj, in R 2 , 
p 3 y(x, z) = z + 2 + ?j(x), in fl 3 . 


Lemma 3.1. Assume that rjj g VP 1,00 (R rf ) ; j = 1,2. There exists an absolute 
constant C > 0 such that if 

Ch \\Vj ||(4/ i ,oo(Rd) < h, j = 1,2 

then the mappings (x,z) 1 —> (x, pj(x, z)) are Lipschitz diffeomorphisms from D to Qj 
and there exists a constant c 0 > 0 such that d z pj > cq a.e. in R. 


Proof. Observe first that p^j are Lipschitz for k = 1,2,3; j = 1,2. Clearly, 
(x, z) i-A (x, P 3 j(x, z)) are diffeomorphisms from 0 3 to R 3 y and d z p 3 j = 1 > cq > 0. 
The same properties hold for pij as in (2.3). We now prove it for p 2 .j- Notice hrst 
that 

P2,j(-l,x) = Vj - g, P2.j(-‘2./x) = 77. 

Compute now 

d z p 2 ,j = ]j(x) - ^ - (2 + z)de sl ' z+1)< ' Dx ' > (D x )rjj - rj 

= e s ^ z+1 ^ Dx ' ) rjj(x) — rjj (x) — (2 + z)6e 5 ^ z+l ^ Dxl {D x )pj + rjj(x) — rj — 

O 
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By writing e^O+hXAc)^. _ ^ = §( z _|_ ]_) e r8(z+i)(D x ) we deduce that 


e S{z+l)(D x )^, _ ^ 


L°°(R d ) 


+ 


{2 +z)8e 5{z+1){D ^{D x )p j 


L°°(R d ) 


— ^ ll ? 7illvK 1 .°°(R d ) — g 


for (5 > 0 small enough. On the other hand, thanks to (2.2) and (3.1) it holds that 

~h h h h h 

Vj ~ V ~ 3 = [Vj ~ V*) + {V* ~ V) ~ 3 > h - 3 - 3 = 3 

and thus d z p 2 j > | | | in Therefore, we can conclude that (x,z) 1 —> 

(x, p2,j(x, z)) are diffeomorphisms from O 2 to ^ 2,2 ■ □ 


With the functions pj above we denote for every / : 0 —> R 

(3.3) fj(x,z) = f(x,pj(x,z)) 

and as in (2.5) we define the differential operators AP = (A^A^). Hereafter, we 
denote J = (—2,0) and assume that 

(3.4) Vj eH s u ^(K d ), s> 1 + ^, i = 1,2. 

Lemma 3.2. Let w £ W po (p), g > 0. We have A 1 — A 2 = p<9 2 = (pi, p2)<9 2 with 
p = 0 for z < —2 and 


(3.5) 


l™p||z 2 ( JT 2 (R d )L; - jr (W( 7 h,V2)\\. 


\w(vi — 7?2)|| 


H - 


Proof. By definition, one gets 

4(p2 - Pi) 


Pi = 


P2 = 


d z p\d z p2 

^x{P2 ~ Pi) 


~ V x .p 2 


<9 2 (p 2 - Pi) 


<9*Pi d z pid z p 2 

so in H 3 , p = 0. To obtain (3.5) one writes 

lk'PllL2(J,L2 (R d))^ < |kp||L2((-l,0),L2(Rd)) ui + ||wp|| L 2((_2 -l),L2(Rrf)) ui 

to use definition (3.2), the fact that rj £ Cf°(R. d ) and the ^-smoothing effect of the 
Poisson kernel, which is Proposition A.7 applied with r = 1. □ 

1 

Theorem 3.3. Let ipj £ H^(R d ) and &j,j = 1,2 be the unique solution in 
H l al (p,j) of the problem 

<9<P; 

(3.6) A Xi y$j = 0 in LI, $j\x = ipj, 


dv 


= 0 . 


Set 77 = i)\ — r) 2 , i’ = 4>i — f> 2 , 4) = $1 — $2 where <hj is the image of as in (3.3) . 
Then for every w £ Wp 0 (p), g > 0 there exists a nonnegative function T such that 
(3.7) 


I^V^II 1 <^(11(771,7/2)11 + l + l) 

X ul ( J ) H ul XH ul 


Mil s-1 


Ki* 


Ml h s u1 + IM 


h\ 


For the proof of this result, we shall apply Lemma 2.19 for <& q . However, 
here is the image of via the diffeomorphism corresponding to one of pj defined 
by (3.2) instead of (2.3). We want the same result as Lemma 2.19 in this situation. 
To have this, we notice that on J = (—2,0), pj is comprised of two functions pij 
for z £ (—1,0) and p 2 j for z £ (-2,-1], The function p\j possesses the same 
properties as p does and so does p 2 .j since rj G Cf° C Therefore, we obtain 
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Lemma 3.4. Let w G Wpo{o), 6 > 0 and <&j, q , 4>j, q , j = 1,2, q G Z as in section 
2.1.2. There exists T\ non-decreasing such that: if 0 < h-» ) < 1 then one 

can find a non-decreasing function T independent of q such that 

Y \\we^ {x - q) XkSx,z^j, q \\ L ^(jx^) < ^(hj\\ H s + ^)\\'wfi>j, q \\H^ 

fee z d ul 


Proof, (of Theorem 3.3 ) For simplicity in notations we shall denote J- = 

•F(||f?i|| s+ 1 >ll 7 ? 2 || s+ i) which may change from line to line. We proceed in the 
H , 5 H . 2 

UL UL 

following steps. 

Step 1. Let &j tq = Uj^ q + if where Uj >q is the variational solution characterized by 
(2.6). After changing the variables, (2.6) becomes 

[ A j $j, q A j ejjdx = 0, ye g H h 0 (n), j = 1,2 

Jn 

with the Jacobian Jj = \d z pj\ = d z pj > co > 0 a.e. in f l (by Lemma 3.1). 

Set d> 9 = <I>i >q - <F 2 , q , = fifiy - 'fi 2q and choose 

Q = ) G H 1 , 0 (Ll) 

where g e = It follows that 



A 1 $> q A 1 0J 1 dX 


< 




3 = 1 


'A 1 = f n l(A^- A^qA^JfidX, 

< A 2 = fa |A 2 d>2,q(A 1 — A 2 )dJ 1 \dX, 

^A s = |A 2 d>2 iQ A 2 0(J 1 — J 2 )\dX. 

By Lemma (3.2) we know that A 1 — A 2 = 0 in ^ 3 . Likewise, J\ — J 2 = d z p\ — d z p 2 = 0 
in ^ 3 . Consequently, with Qq = R <; x J we have Aj, j = 1,2,3 are equal to the 
corresponding integrals over Oq. 

Step 2. (Estimate for A \) First of all, we remark that 

(3.8) A i(e 259 *U) = e^AW + (0, U)25e 25 ^Xg £ . 

Using Lemma 3.2 and formula (3.8) with j = 1, U = ‘hg — if ^ one can write 

A\ = f e^lpd^AH^q-t ) J i\ dx + 25 I e 25 ^\Vg e p 2 d z $2, q (%-±)Ji\dX 
Jn 0 q q 

:= Api + Ai i2 . 

Since | .L11 r ^ < J 7 , we may estimate 

J ^X,Z 

Ai,i < T [_ e 2S9 '\pd z * 2 , q A 1 ($ q -±J\dX 
Jn 0 q 

On the other hand, there holds 

ll/l/2|lL 2 (J,L 2 (R d )) < Y \\XkflXkf2\\L 2 (J,L 2 (B. d )) 

(3.9) k 

^ ll/l|lz, 2 (J,L 2 (R d ) u( ) 5Z IIXfc/2 ||L °°(JxR d )- 
k 
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Now we choose 5 > 0 such that 


(3.io) SFiiWmW. s+ b)< \ 

H , “ z 

uL 

then the condition of Lemma 3.4 is fulfilled with p = 25. It then follows from (3.9) 

and Lemma 3.2 that 

(3-11) 

\\pe s ^d z ^ 2 .q\\ L 2 { n 0 ) ^ \\ w P w ~ leS{x ~ q)d ^ 2 , q \\LHJ,LHH‘i)) 

< \\ w p\\L 2 (J,L 2 (n. d ) ul ) \\XkW 1 e 6l ' X q ^d z &2,q\\L°°(JxR, d ) 
k 

<F\\wn\\ 1 ||w^ 1 V’ 2 , g ||i/=. 

H ul 

Therefore, 

^i,i ^ i )l| L 2 ( n o) ll«'»/ll I 

H ul 

For Aip we have 

A h2 < 2&F||e s *p 2 a«i 2 ,,ll I 2 ( n o) lie 4 ®'(*, - g,)ll L , (fio) . 

The first L 2 -norm on the right-hand side is already estimated by (3.11). For the 
second term on the right-hand side, one applies the Poincare inequality in Lemma 
2.9 (with O = flu U I 22 ,i, which is diffeomorphic to J7o) to the image of (<h g — ^ ) 

under the inverse of pi(x, z), (x, z ) E 12o and then changes the variables back to 12o 
to derive 
( 3 - 12 > 

- ?y IWo) £ - ^)lly ( a 0) 

from which we deduce that Ai ,2 satisfies the same estimate as Api does and hence, 
so does A\, i.e., 

(3.13) A 1 < F\\e S 9 *k l ($ q - f_ )ll Z/ 2 ( n o) ||'H| \ \\w~ 1 il) 2 , q \\ H ->- 

H ul 

Step 3. (Estimates for A 2 , A 3 ) By Lemma 3.5 we have 

(A 1 -A 2 )0 = pe 25 ^d z ($ q -± q ). 

It follows that 

A 2 < ^||pe < »-A 2 i 2 ,,|| i 2 (So) || e s »-S,{$, - <y || ia(Ro) . 

Using the definition of A 2 and the same method as in (3.11) one obtains that the 
first term is also bounded by the right-hand side of (3.11). On the other hand, it is 
easy to see the second term is bounded by T\\e 59e A 1 ($ (? ~' l l’ q )\\ L 2 ^ lo y Therefore, A 2 
also satisfies the bound (3.13). 

For A 3 one uses the formula (3.8) to get A 3 < A 3.1 + A 3,2 with 

A34 = [ e 2 ^|A 2 $2, g A 2 (^ - J )(Ji - J 2 )\dX, 

Jn 0 y 

A 3 ,2 = 5 [ e 2 S ^\Vg e A 2 ^ q (% - ± )(Ji - J 2 )\dX. 

Jn 0 y 

First, A 3i2 is estimated by ||(Ji - J 2 )e S 9 e A 2 ^ 2 !q \\ L 2 ( ^\\e S9e (^ q -± q )\\ L 2 ( q o) - The 

second term is estimated by (3.12) and the first term is estimated as in (3.11) with 
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p replaced by J\ — J 2 which satisfies \\w(J\ — J2 )\\l 2 (j,l 2 ) — ^ r |l u ’ r /ll \ • Similarly, 


'++ 2 (n 0 )W e 9s A V^)|| l2(q 0 )- 


A 3 ,i < ||(Ji- J 2 )e^A 2 <f> 2 , 

We only need to study the second term on the right-hand side. With u := — i/j 


—<? 


one has A \u = p^A\u which implies \\e &9E A\u \\< -^"ll e<59E ^-i M llL 2 (no)' ^ ie 
other hand, 


A oU = V T u — 


VxP2 

dzP2 


d z u = A?, u + 


1 f^xPl ^ xP2 


d z pi 


d z pi 


d; 


u 


d z pi d z p 2 

Hence, ||e**A|u|| La(S(j) < J r ||e 5 »*A 1 u|| i2(fio) and ||e^A 2 u|| L2(f ) o) < ^||e^A 1 «|| L2(fio) . 
In conclusion, we have proved that: for any (small) 6 > 0 satisfying (3.10), there 
holds 


(3.14) 


in 


A 1 ^> q A 1 9J 1 dX 


< X\\e 59 *A r {<& q -ip )|| i2( n o) ll^ll 1 Ik V2,, 

7 


\H S 


Step 4 • Next, in view of (3.8) we write 
f A 1 ^ q A 1 dJ 1 dX 


= [ e^A^A 1 ^ - D^dX + 26 [ A^,.($, - ± n )e 25 ^Vg e J x dX 
Jn q Jn q 

(3.15) = [ e 2Srjs |A 1 {+ q - 5)| 2 J x dX + [ e^A 1 ^ A 1 ($ q - kU dX 

Jn q Jn q q 

+ 26 j A\{$ q - l q )($ q - ly^XgeJidX 
+ 25 [ A\± ($, - ± )e 25 ^Xg e JidX := B 1 + B 2 + B 3 + B 4 . 


Owing to the Poincare inequality in Lemma 2.21 (applied with O = Hi) and a 
change of variables one has 


(3.16) 


\Bs\ < ^2(||ml|„ s+ i)II^A 1 ($ (? -^)|| 2 2( ~ ) 


'h s+2 ‘ 

ul 


where J - 2 : R + —> R + is a non decreasing function. Likewise, 

(3.17) |B.I < <5^(IM Ily^llAH*,-^ )e+\ LHay 

M ul 

Finally, it is clear that 

(3.18) |R 2 |< ^2(11^11^1 )||e^A 1 ^|| L2(n) ||A 1 ($ g -^)e^|| i2(n) . 

Now, remark that there exists a constant Co depending only on h such that | Ji| > Co- 
Choose 5 > 0 satisfying 


(3.19) 




H 


A combination of (3.14)-(3.18) yields 


e^A 1 ^,-^) 


1,2(0) 


< T < Hu; 


1 w 


,Co 1, 

2 ’ 2 ' 




■V2, 9 ||^ + ||e^AVj| i2( ^|. 
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Step 5. Now, letting e —» 0 and taking into account properties (i), (ii) of ip in 
section 2.1.2 lead to 


(3.20) 

Hence 


\e s ^A^ q \\ L 2 {n) <TU\wr 


{lMIni,Ik l ^ 2 , q \\Hs + \\e 5{x 9> AV (/ || i2( ^} 


< ? {MIjj^IK 1 V'2,< ? lk= + ll^ll^i } 


\e 6{x 9> V x ,*$ 9 || l2(S) < J 7 {WwriWniJlw + Hq\\ H ^}- 


Consequently, 
(3.21) 


q ''Hh( n) 


\\XpwV x , z $ q \\ LW 2 {nd)) < e 5{p q) w{p)T l\\wp\\ i\\w 1 ip2,q\\ H ° + 

l H ul 

< e _<5(p_<?) u;(p)u;(g) _1 J r j ||«;r/|| i 11 ^ 2 ,Jr* + || | • 

V ul / 


Finally, we get 


||Xp'U;V a ; )2 <l)|| I/ 2(J ji 2( R d)) < ^ ||x p i«V a ; !2 $ 9 || i 2(j ii 2( R d)) 

(3.22) 

< 

Step 6. It remains to prove that \\Xp w ^x,z^\\ Loo ^j H ~ i^ Rd ^ is bounded by the right 
hand side of (3.7). 

The estimate of ||Yr,'wV I $|| , i, , follows from (3.22) and the interpo- 

II VP X ll L °o(J, R -2( R d)) V ’ 1 

lation Lemma 2.8. By the same lemma, for IIY„tc5 z < I > || i , it remains to 

J l WAp Z \\ Loo (j jR - 2 ( R d)) 

estimate 

11 Xp w dz $ 11L 2 (J.R- 1 (R d )) • 

For this purpose we use equation (3.26) below, satisfied by <h to have 

(3.23) 

IIXp^^^llL2 ( j, R -i (Rd)) < ||Xp^«iA < h|| Z/ 2(j jR -i( R d)) + ||Xp'«;/3i.V5 2 $|| i 2(j )R -i( R d)) 

+ IIXp u; 7l^^ , |lL 2 (J,//- 1 (R d )) + IIXp u; -^llL 2 (J,R- 1 (R d ))- 

In the above inequality, a±, f}\, 71 are defined as in (2.10), for the diffeomorphism 
p dehned in term of rji. 

Because —1 < s — 2, the estimate (3.28) applied with f = ip 2 implies the desired 
estimate for ||xV li, A 1 || I/ 2(j iR -q R d)). Concerning the other terms, the product rule 
(2.16) gives 

||XprcaiA$|| L 2 ( j iR -i) < C\\xpOi.i \\ Lao , JH s-$ ) \\Xp^^\\l^j,h-i) 

(3.24) j |Xpwfa ■ V3 2 $|| i 2 (J)R -i ) < C'||Xp/3i|l LOO(J ^ s -i ) ||Xp^Va 2 $|| L 2 (J)R -i ) 

IIXp^71^$||l 2(J ;R -1) < C'||xp7i|l Loo(J)i?s -3 ) IIXp^ 2 $|| i 2 (JijL 2 ) . 

Owing to (3.22) we are left with the estimates for the first term on the right-hand 
side of the above inequalities. Again, this is done along the same line as in the proof 
of Lemma 2.3 noticing that rj £ C%° C HP?. This completes the proof. □ 



We are now in position to derive the weighted estimate for the Dirichlet-Neumann 
operator: 
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Theorem 3.5. Assume that s > 1 + Then for every w G yV P o(£?), Q > 0 

f/iere exists T : R + —>• R + non decreasing such that for all 771 , 7/2 G R*^" 5 (R rf ) and 
/ G R*;(R d ) we have 


\w[ G (vi) - G{m)]f\\ .-3 < ^(11(771,7/2)11 


77“, 2 

Ul 


H 2 xH 

Ul Ul 


M71 - m )II 


77 


77 s 


Proof. Let <L>J defined as in (3.6) (with ipj = /, j = 1,2) and <L,- be its image 
via the diffeomorphism (x, z) i-)- (x, Pj{x, z)) given by (3.2). We have from definition 
(2.8) of the Dirichlet-Neumann operator 

(3.25) G(r)j)f = ( 1 + 1 V ^I\ $. - V x pjV x $j) 

\ OzPj J z =0 

Recall from (2.9) that each satisfies the elliptic problem 
{d~ + ajA x + Pj ■ V x d z - 7 jd z )$j = 0, 
where ctj, f3j, 7 j are defined as in (2.10) with 7/ replaced by 77 j. 

Set T> = T>i — T>2 then 

(3.26) {pi + co A* + p 1 • VcL - 71 d z ) $ = F 
with 

F = {(a 2 - ai)A x + (/% - Pi) • V<9 2 - (72 - 71)^} $ 2 . 

We fix zq G (—1,0) and set Jo = (zo,0), I = (—1,0). We first prove that 


(3.27) ||toV x , z T| 


KPdo) 


<-^(11(71,72)11 


77. 


x77 


S+ 


i)lk( 7 i -72)11 .-1 


77. 


77 s 


To prove the preceding estimate, we claim that 


(3.28) \\wF\\ L 2 (ItH s- 2 U <^(11(71,72)11 s+ i s+i )IHti- 72)11 

11 1 X jfj 7 Jti 7 

ul ul ul 

Indeed, the H version of the product rule (2.16) (see Proposition 7.3 (i), [1]) 
applied with so = s — 2, si = s — 1, S2 = s — 2 yields 

11 WF 11 77 (.//.Hs 2 ) w 7 < IM a 2 - «l)llL 2 (/,H s - 1 ) ui l|A a; ^ , 2||L°°(/,H s - 2 ) ui 

(3-29) + ||xo(/ 3 2 — ^l)||L 2 (7,H»- 1 ) tl J|V9 2 $2|U 00 (7,H*- 2 ) u 7 

+ 11^(72 - 7l)lll, 2 (/,H s - 2 )„ i ll^ < ^2||L°°(7,H s -i) ur 

On the other hand, applying Proposition A.7 for the ^-smoothing effect of the 
Poisson kernel in weighted spaces gives 


(3.30) 


M«2 - ai)|| L 2 (/iH s-l )ui + \\w{p 2 - /3i)\\ L 2(I }HS -1) u1 + \\w{^2 - 7l)llL 2 (/,ff»- 2 ) u 


<•^(11(71,72)11 


,s+l 


77 "; 2 xf s | 2 ' 

Tit ul 


M71 - 72)11 


777 2 

ul 


Remark that in Corollary 2.13 one can replace the assumption zq G (—1,0) by 
zq G J = (—2, 0) because on (—2,1] the diffeomorphism pj satisfies the same bounds 
as the diffeomorphism defined in (2.3) does (again, this is true because rj G C'?°(R <i )). 
This remark applied with er = s — 1 and w = 1 leads to 


(3.31) 


|Vx. Z $ 


sIIl-P,^ 1 ) <H\\m\\ S+ 1 

-^TiZ 


H s 


Putting together (3.29), (3.30), (3.31) one obtains the claim (3.28). 

Since < f>| 2 =o = 0, with the aid of Theorem 2.6 (which is applicable since p\j and p 
in (2.3) have exactly the same form), the proof of (3.27) now reduces to estimate 

26 




ll'R’Vz-4>|| _i . This is a consequence of Theorem 3.3 applied with ?/>i = V ’2 = / 
(-0 

(and the fact that I C J). 

s _3 

In view of (3.25), to obtain the bound for w[G(r/i)f — G(rj 2 )]f in H ul 2 it is necessary 

to bound ||rcV Xi 2 <I , || s _3 at z = 0. More precisely, we shall prove that 

H, 3 


||wV Xl ^|*=o|| 3 < ^(11(7/1,772)11 


'Ki¬ 


ll 


Kh 


s+2 , 


\w(r]i - 772 )II .-1 


Ki 2 


HI 


To this end, we use the argument in step 6 of the proof of Theorem 3.3. By virtue 
of Lemma 2.8 and (3.27), we then only need to estimate \\wd^\\ L 2 ^ lQ H s- 2 y ul , which 
in turn follows by using equation (3.26) together with the estimate (3.28) and the 
product rule (A.22). Finally, using (3.25) and the product rule (A.22) once again, 
we conclude the proof of Theorem 3.5. □ 


Remark 3.6. Theorem 3.3 is also a crucial ingredient in proving contraction 
of the remainder R appearing in the reformulation of water waves system-equation 
(4.4) in Proposition 4.2, [ 1 ], Notice that our estimate (3.7) is sufficient for this 
purpose because 

IHVh - -02)11 1 < IMVh - '02)11^-1 

H \ u! 

uL 

owing to the fact that s > 1 + c Jj. 


4. Proof of the main results 

4.1. Proof of Theorem 1.6. The contraction estimate in Theorem 1.6 was 
proved in [2] (see Theorem 5.1) for classical Sobolev spaces and then in [1] for 
Kato’s spaces. Both use the following scheme: 

1) study the Dirichlet-Neumann operator: bound estimates and paralinearization 

2) contraction estimate for the Dirichlet-Neumann operator 

3) paralinearization of the difference equations (after reformulation) 

4) estimates for the good unknown 

5) back to the original unknowns. 

Here, we shall follow the same scheme as above. The first two items are the real 
new points in our problem and have been studied in Section 2 and 3. For the last 
three items we need a para-differential machinery in Kato’s spaces with weights and 
this is established in Appendix A. The key point in this machinery is that: whenever 
we estimate S(u,v ) in weighted norms, where S is an operator of two variables, we 
are always able to shift the weight to u or v. Having this in hand, items 3), 4), 5) 
follow line by line those in [1] and [2]: one only need to replace || • ||r ct or || • ||#a by 
||iu - || H a l hr the relevant estimates [w is the weight). We conclude the proof. 

4.2. Proof of Corollary 1.7. We need to show how (1.9) implies (1.10). To 
this end, it suffices to prove that there exist 0 < T\ < T and N > 0 (both are 
independent of Uj) such that 

(4.1) II^7'IIl°°([0,Ti],W“;) — j = 

Define the Sobolev norms of the solutions as 

Mai T ) = II^7'IIl°°([0,t],'R^) ’ e ^3 — 0- 

Let us recall the a priori estimate derived in [1]: for any 1 + | < a < s and T > 0 
one can find a non decreasing function T : R + -A R + such that 

(4.2) Mi(J ) < 0) + TMi(T )) (M|(0) + TM|(T)), Vj > 0. 
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Fix so G (l + fjs). Since each U 3 is a solution to the gravity waters system in 
C°([0, T],%®°), the estimate (4.2) gives for some non decreasing J-\ : R + —y R + 
(independent of U) 

Mi o (r)<MMi o (0) + TMi o (T)), Vr G [0,T], Vj > 0. 

According to Theorem 1.5, Uj is continuous in time with value in since so < s. 
Consequently, M£ 0 (t) is continuous in r. In addition, M£ 0 (0) can be bounded by 
some constant independent of j, say A. The standard argument then gives the 
existence of To G (0, T] and N > 0, both are independent of Uj (but depend on A ), 
such that 

(4.3) M£ 0 (r)<N, VtG[ 0,T o ], Vj> 0. 

Applying again the estimate (4.2) with a = sq < s we get for some non-decreasing 
function T : R + —> R + (independent of U ) 

M£(t) < X(M£ 0 (0) + TqM£ 0 (r)) (M|(0) + tM£(t)) , Vr G [0,T 0 ], Vj > 0. 

By (4.3), this implies 

Mi(r) < F(N( 1 + T 0 )) (M|(0) + tM£{t)) , Vr G [0, T 0 ], 

Now, let Ti G (0, To] satisfying 

TiJ r (A r (l + To)) < ^ 

one deduces 

M£ (Ti) < 2T"(-/V(1 + To))M£ (0), Vj > 0 
which concludes the proof. 

Appendix A. Paradifferential calculus in Kato’s spaces with weights 

In this section, we adapt the paradifferential machinery for the presence of 
weights which can be of independent interest. The proofs of these results follow 
those in [1] but we need to take some care (so we only present the proof whenever 
it is necessary). We recall first various spaces which will be used in the sequel. 

Definition A.l. Let p G [1, +oo], J = (zo, 0), zq < 0 and a G R. 

1. The space T P (J, H a (R d )) u i is defined as the space of measurable functions u from 
Jz X R^ to C such that 

\\ u \\LP{J,H°(R d )) u i '■= SU P \\Xq'u\\LP(J,H°(R. d )) < +°°- 
q£Z d 

2. We set 

x ZfiJ) = L°°(J,H°(K d )) ul n L 2 (J,H° +1 2(R d ))ui 
Y:fiJ) = L\j,H"(n d )) ul + L 2 (J,H"~H-R d )) ul 
endowed with their natural norms. 

The same spaces without subscript ”ul” are defined for classical Sobolev spaces. 
Notice that T°°(J, H a (R d )) u i = K d )). 

Notation A.2. For t G R, we denote \t] the smallest integer strictly greater 
than or equal t. 
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A.l. Weighted continuity of pseudo-differential operators. In [1], the 
authors proved the continuity of pseudo-differential operators on the framework of 
L 2 based uniformly local Sobolev spaces. Here, we perform similar results with 
the presence of weights in classes W po (q), g > 0 (see Definition 1.2), which are 
composed of functions that are at most polynomial growth. For the sake of clarity, 
let us redefine this class. 

Definition A. 3. For every g > 0, we define W po (g) to be the class of all func¬ 
tions w : R d — > (0, oo) satisfying the following conditions: 

(i) r\ := V ff-i and r[ := 2ff belong to Cf°(R, d ), where u> _1 (x) = l/w(x), 

(ii) for any C i > 0, there exists C 2 > 0 such that for any xq £ R^, there hold 
w(x) < C 2 w(x 0 ) and w(x) _1 < C 2 w(xo)~ 1 Vx E R d , |x — xo| < C\, 

(in) there exists C > 0 such that for any x, y E R d we have w(x)w~ l (y) < 
C(x — y) e . 


Remark A. 4. 1. For all A E R and C > 1, the functions (x) A , In (C + |x| 2 ) 
belong to Wpo(|A|) and >Vp 0 (l) respectively. For every t E R\{0}, the function e^ x > 
does not belong to any class V\? po i(g). 

2. If wj E W po (gj), j = 1,2 then w±w 2 E W po (gi + g 2 ). 

3. If w E W po (g) and w > 0 then w x E Wp 0 (£>|A|) for any A £ R. 

4. Condition ( in ) in Definition A.3 is equivalent to 
(iii') there exist Mi, M 2 > 0 and Ai, A 2 E R such that 

Mi(x) Al < w(x) < M 2 (x) x \ Vx E R d . 

Although (iii') seems to be more natural than (iii), in the following proofs, condition 

(iii) is more convenient. 

We denote by the standard Hormander’s class of symbols p E C'°°(R a! X K d ) 
satisfying 

\D%DPp(x,£)\ < C a> p(l + |e|) m - |Q| Va, (3 E N d ,V(x,£) € R d x R d . 

Proposition A.5. Let P be a pseudo-differential operator whose symbol p be¬ 
longs to and let w be a weight in V\i po (g), g > 0. Then for any s E R, there 
exists C > 0 such that 

\\wPu\\ HS < C \\wu\\ H s+m , 

ul 1 ul 

provided that the right hand side is finite. 


Proof. We write 

(A.l) wxkPu= ^2 wxkPx q u+ ^2 w XkPXqU'-=A+ ^2 B k,q- 

\k—q\<2 \k— g|>3 |fe— q|>3 

Since Xq u= (Xq w ( x ) u )(Xq w ( x )~ l ) £ H s+m (H d ), we have by properties (*), (ii), (iii) 
of the weight w, the product rule (2.16) and the classical pseudo-differential calculus 
that 


\\wXkPXqu\W 


< Cw(k)\\PXqU\\H° 

< Cw(k)\\x q u\\ H s +™ 

< Cw(k)w(q)~ 1 \\wx q u\\ H s+m 

< C(k - q) g \\wXqu\\ H s+m 

< C\\mu 
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1 ul 



provided \k — q\ < 2. Thus, 

(A.2) A < C\\wu\\ H s+m. 

1 ul 

To bound the second part, we fix no G N, no > s. We shall prove 

(j 

(A.3) ll^.?-Sfc,gllL 2 (R d ) ^ ^ _ qyi+l \\ wu \\H s + m ’ M — n 0 

which implies the desired estimate for ^|fc-q |>3 -Bfc.g- 

By the presence of X k, \\ D x B k,q\\L 2 (R d ) < C\\DfB k)q \\ Lao(n dy We have 

D*B kiq (x) = {D2K(x,-), Xq u) 

with 

(A.4) K(x,y) = (2irr d [ e^ x ~ y ^p(x,^)d^ Xk {x)w(x) Xq {y). 

Jn d 

Fix n\ G N, m > —(s + m) and j3 G N fZ , \f}\ < n\. Let 7 G N d be such that | 7 | = N 
with 


(A.5) N > max(m + no + m + d + 1, g + d + 1). 

Multiplying DfDyK(x,y) by (x — y) 7 and integrating by parts with a remark that 
\x — y\ > 6\k — q\ (for some <5 > 0) on the support of Xk(x)w(x)x q (y), we obtain 

D x D yK{x,y) < ,C^ d ^ N w(k) | d^Xqiv) 


It follows that 


\ D X B k,q(x)\ < \\D%K(x,-)\\ H -(s+m)\\ Xq u\\ Hs+ m 

c 

< “- \N W (k)\\ X q u \\H s +™ 


(A.6) 


< 


{k - q} 1 
C 


w(k)w(q ) 1 ||x g r(;u|| fjs+m 


< 


< 


(k - q)* 

C „ , 

rrs+m 


(k — q) d+l H ui 

which proves (A.3). 

In a particular case the proof above gives the following more precise result. 

_ fit JL 


□ 


Proposition A.6. Letm G R, andw G Wpo(g), g> 0. Leth(£) = ^(]f[)IC| m ^ , (0 


with h G C°°(S d x ), and 
(A.7) if G C°°(R d 

Then for every s G R and 
(A.8) 

t/iere exists a constant C such that 

||uj/i(T> x )'u|| f p j ( R d) < C'||/r|| R r( S d-i)||um|| R s+m^ Rd ^ 

provided that the right-hand side is finite. 

30 


ip g c'°°(r“), = 1 */iei > 1, m = 


3 (j^ 

r > \m\ + |~s~| + |~—(m + s)~| + |~£>] + — + 1, 











Remark that the condition on r above comes from the choice of N in (A. 5), plus 
d +£ derivatives from Sobolev embeddings. Next, tracking the proof of Lemma 7.10 
in [1] and Proposition A.5 above, we easily obtain the following proposition. 


Proposition A.7. Let r > 0, and me R and w £ W po (£), g > 0 . Let 
p £ S[JK d ),a £ S™ 0 (R d ) be two symbols with constant coefficients. We assume 


that there exists cq > 0 such that for all £ £ R J we have p(f) > co|£| r . Then for all 
s £ R and I = [0, T], one can find a positive constant C such that 

(A.9) \\we~ tp{D) a(D)u\\ L oo( I}Hs)ul + \\we~ tp ^ D) a{D)u\\ L2 ^ H s+$ )ui < C\\wu\\ H s+ m , 

provided that the right-hand side is finite. 


A.2. Para-differential calculus with weights. Assuming the theory of para- 
differential calculus for classical Sobolev spaces (see [14]) and for uniformly local 
Sobolev spaces (see [1]), we present in this section such a theory with the presence 
of weights. 

Given m £ R, p > 0 we denote by r™(R d ) the class of symbols of order m and by 
T a the associated para-differential operator as in Definition 7.15, [1]. In particular, 
r™(R rf ) denotes the subspace of r™(R rf ) which consists of symbols a(x,f) homoge¬ 
neous of degree m with respect to £. 

To deal with the weights in the class Wpo(g), for any symbol a £ T r fi and any real 
number s, let us define the semi-norm 

(A.10) M™(a,s) g = sup sup ||(1 +|^|) l “ l “ m ^fa(-,Ollw'P.<»(Rd), 

M <I(d,m,s) e |f|>| 

where L(d,m,s) g is the smallest even integer strictly greater than 
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(A.11) l m] + \s] + \-{m + s)] + |~£>~| + — + 2. 

If a is a symbol independent of f. the associated operator T a is called a paraproduct 
and we have the formal decomposition of Bony 

au = T a u + T u a + R(a, u). 

A.2.1. Symbolic calculus. The following technical lemmas will be used in proving 
results on symbolic calculus. 

Lemma A.8. Let p £ R, w £ W po {g), Q > 0 and N > g + d + 1. Then there 
exists C > 0 such that 

(A. 12) sup \\w(x)(x - ■)~ N u\\ Hg r R d) < C\\wu\\ H n , R d) 

x€R d 

provided that the right hand side is finite. 


Proof. We write 
w(x)(x - y)~ N x q (y)u(y) 


w(x)w(y) 


-i 


( x 


(x — q) N (x 


q) N 

y) N 


Xq(y)w{y)xq(y)u{y)- 


Since the function y i-A vXq(y) belongs to VP <x> ’ 0O (R d ) with semi-norms uni¬ 
formly bounded (independently of x and q), we deduce that 


\w(x){x--) N u\\ Ht p Rd) < w(x)\\(x- 

q£ Z d 


,-IV 


ii w ( x ) w ( q ) 1 h „ 

He < Cn ^ ( x - q )N m iHZ 


qeZ d 


<C N 2_^ ^ _ N \\wu\\ H p < C' N \\wu\\ H v. 


(jez< 
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□ 


Combining this lemma and the proof of Lemma 7.13, [1], we obtain 

Lemma A.9. Let w G W po (^), g > 0. Let % G Cq^R^) and x £ Co°(R d ) be 
equal to one on the support of x- Let if, 6 G <S(R d ). For every m, a G R there exists 
a constant C > 0 such that 
(A.13) 

X! ll w XfcV’(2 _ - ? L))((l ~ Xk)u)9(2~^< C'||wn|| R a (R d ) ||u|| L oo (R d ) . 
i >-1 

For every m,<j,t € R one can find a constant C > 0 such that 
(A - 14) 

Y \\ w Xkfi{2~ ] D){[1 - Xk)u)9{2- : >D)v\\ H m {Rd) < C||um|| R a (Rd) |M| R y R d) 

j >-1 

and 
(A.15) 

XI \\ wXkififi ~ ] D)({l - x k ) u ) e (2~ :) D ) x k v \\ H m (Rd) < C'||n;n|| R a (R d ) ||xfcn|| Rt(R d ) . 
3 >~ 1 

Remark A. 10. It follows easily from the proof of the above lemma that the 
same estimates as in (A.13), (A. 14) and (A. 15) hold if on the left-hand sides 2~ 3 
is replaced by 2~ 3 ~ 30 where jo G Z is fixed. We shall use this remark to deal with 
paraproduct estimates. 

It turns out that the symbolic calculus with weights possesses the same features 
as in the usual setting. 

Theorem A.11. Let m, m! G R, p > 0 and w G W po (q), g> 0. 

(i) Ifa € T ^( R d ), then for all p G R, there exist a constant C > 0 such that 

| wT a u 11 Hfj (FL) — C 'LLq (o,/^)p||n , n|| R M+’T^^ R dp 

(^^) If a G r™(R rf ) , b G L™' 7 (R rf ) then, for all p G R, there exist a constant C > 0 
such that 


\w{T a Tb — T a jjj)n|| R M ( Rd ) 

< Cl (M™(a, p) e M™\b , p) e + M™(a, p) e M™\b , p) e ) \\iuu\\ H , +m+m ,. p 




with 

<#:= XI ^ d£a(x,Z)d£b(x,Z). 

, , a! 

M<p 

(in) Let a G r™(R d ) and denote by T* f/ie adjoint operator of T a and by a* the 
complex conjugate of a (in case a is a matrix, a* is its conjugate transpose). Then 
for all p G R there exists a constant C > 0 such that 


with 


ht: 


T b)u\\H^(R d ) < CM™(a,p) e \\wu 


Hf+ m - p (R d ) 


b = 


E 

H<P 


(—i)l Q l 


a! 


O^dfa 
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Proof. We give the proof for the first assertion only since these three points are 
proved along the same lines. For simplicity we shall consider symbols in r™(R rf ). 
Step 1. Consider first the case where a is a bounded function and write 

XkwT a u = XkwT a (xkU ) + XkwT a (( 1 - Xk)u). 


The classical theory gives 

II Xk w T a {Xk u ) 11 < Cw(k)\\a\\ L oo\\xku\\Hn < Cw(k)\\a\\ L o a w{ky l \\xkWu\\ H ^ 

<C\\a\\ 

ul 

The estimate for the second term follows immediately from (A. 13). 

Step 2. Next we consider the case a(x,£) = b(x)h (£) where h(£) = |£| m /i(j|j) with 

h 6 C'°°(S d_1 ). Then directly from the definition we have T a = Tb(^h)(D x ), where 
the cut-off ij; is given by (A. 7). The desired estimate in (i) follows from Step 1 and 
Proposition A.6. 

Step 3. Finally, for the general case we introduce (h u ) v& n» an orthonormal basis of 
L 2 ( S rf_1 ) consisting of eigenfunctions of the (self adjoint) Laplace Beltrami operator 
A w = A S d-i on L 2 (S rf_1 ) i.e. A ^hu = X 2 h v . Setting h u = |£|uj = j|r when 
£ 7 ^ 0, we can write 


o(x,^)= ) b u (x)hv(!;) where b v (x) = / a(x,uj)h u (uj)duj. 

^' /ad-1 

weN* 

With / = I(d, m, p) e we have 

A lb u (x) = / A Sja(x,u:)h u (uj)dui, 

J s^- 1 

which gives 

(A.16) IIMlL°°(R d ) < C\ u ! M™(a, n) e . 

By definition of I, we can find an integer r such that 

3 7 

\m\ + |~/i~| + \—(m + lx)] + \g] + — + 1 < r < I - d. 

By the Weyl formula we know that X u ~ cud. In addition, there exists a positive 
constant K such that for all u > 1 

(A.17) Il^llj7 r (s d - 1 ) — k-K>- 

Now using the steps above and Proposition A.6 we obtain (ijj is given by (A. 7)) 


\\wT a u\\ H e- < V \\T biy (^h u ){D x )u\\ H ^ 

ul < ^ ul 


u> 1 


< 

cJ2 iiml 

°°(R d ) 11^1 

\H r {S d ' 


U>1 



< 

r 

M 0 m (a, p,) g \\ 

WU 11 jjn+m 

E" ; 




U>1 

< 

M™(a, n) g \\ 

WVj 11 

ul 



— I+r 


□ 
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A.2.2. Paraproducts. 

Proposition A. 12. Let w £ W po (q), Q > 0. Let so,si,S 2 £ R satisfying so < S 2 
and so < si + S 2 — | . T/ien f/iere exists C > 0 snc/i f/iaf 

||u;T a u|| R s 0 <Cmin< ||a||^ s i ||wui|| R s 2 , ||wa||^i ||w || R »2 f . 

1 ul L J n/ 1 ul 1 ul ul ) 

Proof. We write 


(A. 18) XkwT a u = XkwT a ( 1 - Xk)u + XkwT^XkU + XkwT(i-x k )aXkU- 

By the classical result, we have 

(A- 19 ) 

WXkwT^ a Xku\\ H ^ < w(k)\\T% k aXku\\H°o < w{k)\\xka\\H s i\\xku\\H *2 < \\a\\ H n\\wu\\ H s 2 . 

ul ul 

On the other hand, applying (A. 14) gives 

\\XkwT a (l - Xk)u\\H°o < ||a||^i||u;n||^2 

ul ul 

and it follows form (A.15) (applied with w = 1) that 

\\XkWT( 1 _x k ) a Xku\\H°o < w(k)\\xkT(l-Xk)aXku\\H*o 

<w(k)\\a\\ H si\\xku\\HS2 < ||a|| R si||um|| R s2. 

ul ul ul 


Consequently, we obtain 


\\wT a u\\ H s 0 < C\\a\\ H n\\wu\\ H s 2 . 

± ul ± ul ± ul 

Now if instead of (A.2.2), we decompose 

XkwT a u = XkWT(l-x k )aU + XkWT^ a XkU + XkwT^ k a( 1 - Xk)u 
then we get 

\\wT a u\\ H sQ < C\\wa\\ H n ||u|| R s 2 • 

The proof is complete. □ 

Proposition A. 13. Letw£\V po (g), g>0 and two functions a £ R*)(R d ), u £ 

«S(R d )- 

(i) If si + S 2 > 0 then 


(A.20) 


wR(a,u)\\ _, < C\\a\\ K](nd) \\w u \\ K 2 { n d y 




(ii) If si + S 2 > 0, so < si and so < Si + S 2 — \ then there exists a constant C > 0 

such that 

(A.21) 

||n;(a-T a )n||^o (Rd) < Cmin |||a|| R n (Rd) ||u;n||^ 2 (Rd) , IMI^r^IMI^^} ■ 

(in) If si + S 2 > 0, so < si, S 2 and so < si + S 2 — | then there exists a constant 
C > 0 such that 

(A.22) ||u;au|| R so( R d) < C'min|||a|| R si^ Rd )||u;ii|| H .s2( Rd ^ ll^ a lli^(R d )IMI.ff^j( R ‘ i )} ■ 

PROOF, (i) By definition, we have (for some cut-off function ip) 

R(a,u)=Y^ J2 P(2~ j D)a-ip(2~ k D)u. 
j >—1 \k-j\<l 

We write a = x k a + (1 - Xk)a, u = XkU + (1 — Xk)u so that 

X k wR(a,u) = XkwR(x k a,Xku) + XkwSk(a,u). 
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The first term is estimated by the same method as (A. 19) with the use of Theorem 
2.9 (i) in [ 2 ], The remainder wxkSk(a,u) is estimated by using (A.14) and (A.15). 
(ii) and (in) are direct consequences of ( i ) and Proposition A.12. □ 

Remark A. 14. We remark that with the methods in the proofs above, the 
commutator estimate in Lemma 7.20, [1] still holds for uniformly local Sobolev 
spaces with the weight w £ V\l po (o), Q > 0. 

A.3. Transport equations. For the sake of completeness we present a weighted 
version of Lemma 7.19, [1] on transport equations in uniformly local Sobolev spaces. 
The result holds for weights in a large class than W while its proof is a direct con¬ 
sequence of Lemma 7.19, [1]. 

We denote by Wo the class of all functions w : R 0 ' —> (0, oo) such that ^ £ C'“(R d ). 

Lemma A.15. Let I = [0,T], so > 1 + g > 0 and w £ Wo- Then there 
exists T : R + — > R + non decreasing such that for Vj £ L°°(I,H So (Tl d )) u i n 
L°°(I,H»( TL d )) ul j = M, wf £ L\l,H»(K d )) u i, wuq £ H^( R d ) and any solu¬ 
tion u with wu £ L°°(I, H s °(H d )) u i to the problem 

(A.23) (d t + V ■ X7)u = /, u\ t =o = u 0 

we have 

(A.24) \\wu\\ L oo {IyHt , )ul < J r (T||P|| L oo (/i ^o)„ i ){||^«o||^ + \\wf\\ L \i,m) ul 

+ sup 
fee z d 

Proof. If u is a solution to the transport problem (A.23) then wu is a solution 
to 

(d t + V-\7)(wu) = g, wu\ t =o = u 0 

with g := f + uV ■ Vw = f + mvV ■ r, r = £ C'^°(R d ). We are in position to 

apply Lemma 7.19, [1] to have 

I \wu\\ L oo {I ^ )ul < ^(r||R||L-(7,^o)„j{|k«o||^M + \\wg\\ L i [I)H ^ u 

+ sup 
fee z d 

On the other hand, for k £ 7i d using the product rule (2.16) one has with n large 
enough 

\\XkWu(a)V(a) ■ r\\ H » < C\\xkWu(a)V(a)\\ H ^\\Xkr\\H n 
Since r £ C£°( R d ), ||x fe r|| Hn can be bounded by a constant independent of k. Finally, 
applying once again the product rule (2.16) (remark that so > 1 + |) gives 

\\XkWu(a)V(a)\\ H r < ^ \\x q um(a) ||iPo \\XkV(a)\\ H ^ 

\q—k\<M 

< C\\wu(a)\\ H so\\x k V(a)\\ H n-■ 

ul 

Consequently, 

\\wuV ■ r\\ L i( IjH ^ Kl = sup f \\xkWu(cr)V(a) ■ r\\ H ndcr 
fce z d Jo 

<C sup / \\wu(a)\\ H s 0 \\x k V(a)\\ H^dcr, 

fce z d Jo ul 

from which the estimate (A.24) follows. □ 
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